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Abstract
STRO N G LY CO R R ELATED  N/IODJ.OLS OF  
H IG H -TE M P E R A TU R E  SU PERG O N D U C11VTTY
Huscyiii B()yaci
Doctor of P]iilo.so[)liy in Physics 
Supervisor: Prof. I . O. Kulik 
Septcinl)er 1999
Rxicent single electron transport experiments in nanometer size samplers li'iu'wed 
tli(^  (|ii('stion about the lower limits of the size of snpercoinlnctors, and tlic' 
crossover from superconducting to normal state. Altliongli tlui conventional 
grandcanonical BCS theory works well for large samples, in case оГ nanoscale 
samples some basics of the theory should be reconsidered. In order to give answers 
to these (|uestions, a pairing llaniiltonia.n for fixed nundjcr of particles is studied 
including the degeneracy of levels around the Fermi energy. Change in |)aril.y 
eflect as a result of degeneracy is discussed.
In the second part, a generic llamiltoniaii that incoi|)orates tlu'. c'lfecl. of 
the orbital contraction on tlie hopping a.mplitudc between the nearest site's is 
studied both analytically at the weak cou])ling limit and numerically at the 
intermediate and strong coupling limits for linite atomic cluster. The elfect of l.he 
orbital contraction due to hole localization at atomic sites is specified with two 
coupling ])arameters V and VV (multiplicative and axlditive' eontraction t(>rms). 
The singularity of the vertex part of the two-particle Creen’s binction determines 
the critical temperature Tc and the relaxation rate F(7’) of the order parameter
a.(, IciuperaUii’es above Tc. Unlike in convenUonal BCS Hnix'rcoiulncl.ors. I' lias 
a non-zero irnciginary part which may iniluence the ihictuation coiKluctivity ol 
siipcrcondnctor above Tc. The ground state energy is computed as a. function 
of the particle number and magnetic flux through the cluster, and ('xist('ii< (' of 
the j)arity ga|> Ap appearing at the range of system paranH'ters is shown to Ix' 
consistent with the appearance of Cooper instability. Numeric caJculatioii of fix' 
Hubbard model (with U >  0) at arbitrary occupation does not. show any sign of 
superconductivity in small clustc'r.
K ey w ord s : mesoscopic superconductivity, ultrasma.il superconducting grains, 
BCS theory, contraction model, strongly correlated electron systems, bigh-'/i: 
superconductivity, Hubbard model
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özet
ETK LEŞEN  ELEK TR O N  M ODELLERİ
Hüseyin Boyacı 
Fizik Doktora
Tez Yöneticisi: Prof. I . O. Kıılik 
Eylül 1999
Son zamanlarda nanometrc büyüklüğündeki örneklerle ya|)dan tek ek'ktron 
ta.^ınma deneyleri, üstün iletkenlerin büyüklüklerinin alt sının ile ilgili soruyu 
yeniden gündeme getirmiştir, iler ne kadar, belirsiz tanecik sayısına dayalı 
standart BCS teorisi büyük örnekler için iyi sonuçlar vermekteyse de, nanometrc^ 
büyüklüğündeki örnekler için bu teorinin bazı temel noktalan tc^krar gözdi'iı 
geçirilmelidir. Bunun iıcin, sabit sayıda parçacık için bir eşleşme IIamiItoni;uı'ı, 
l'ernıi seviyesi etrafındaki dejenerasyon da göz önüne alınarak incelenmiştir. 
Dejenera.syona bağlı olarak, eşleşme etkisinin değişimi tartışılmıştır.
İkinci bölümde, atomların elektron yörüngelerindeki daralmanın, eıı yakın 
komşular arasındaki atlama genliğine olan etkisini göz önüne alan bir ınodc'l 
llamiltonian üzerinde çalışılmıştır. Bu çalışma, zayıf etkileşim limitinde' analitik 
olarak, orta ve güçlü etkileşim limitlerinde ise sonlu bir atom geoiiK'trisinde 
sayısal hesaplama ile yapılmıştır. Atom sitelerindeki deşik yerleşiminin yörünge'sel 
daralmaya etkileri V ve W  (to|)lam ve çarpım daralma terimleri) ('tkih'şim 
parametreleri ile verilmektedir. Çift parçacık Creen fonksiyonundaki belirsizlik 
noktası, kritik sıcaklık Tc’yj ve Tc üzerinde düzen parametresinin rahatlama
II I
hızı r (7 ’) ’yi belirlemektedir. Standart BCS üstımiletkenleriiıdeiı Farklı olarak, 
r  sıfırdan farklı imajiner bir kısma sahiptir. Bu, nstiiailetkenin 7'^ . lizeriıuh'ki 
direııciııin dalgalanmaları üzerine etki ediyor olabilir, 'lemel dnrmn ('iK'ijisi, 
parçacık sayısı ve manyetik akıya göre hesaplanmı.'jtır. Bir eı^leşnıe |)aramctresi 
olan A ,,’nin, Cooper kararsızlığı ile aynı bölgede ortaya çıktığı gösteriImiı^tiı·. 
llııbbard modeli {U >  0) ile yapılan hesaplar herhangi bir dolnInk değerinde 
hiçbir üstün iletkanlik özelliği göstermemiştir.
A n ah tar sözcü k ler; mezoskopik üstüııiletkenlik, nltra küçük üstünih'tken 
parçacıklar, daralma modeli, kuvvetli etkileşen elektron sistemleri, yüksek 
sıcaklık üstün iletkenliği, liubbard modeli
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Chapter 1
Introduction
l'()|· a. Rucr.c.s.sriil oxpla.DaI.ioii of liigli l.('mp('ia.itiro ,sıl|)crr()iKİllr.l,ivil,y, I.Ik'Ic arc 
maliy (ııiKİa.ıncııia.1 (|iiesiion,s l.o a.ii.sw('r, surit a.s: Wlia.l, is ilic iiaLiirc of Uk; 
('l(;c(,ron pairiitg and l,lic s^ymincl.iy of Uu' supcrroiidtlcUng ordcr paraliielcr? Are 
Uic clcr.iroii pairs botlltd hy ait ilil,cra.ciioit wliirlt is siroııg-coılpliDg? Do l,lic 
iiigli-icmp(ua(.UI(' siip('rr.olidiu l.ors lia.vct prop(u l,i('s r.lia.ra.cUuïslic of .'{-(limciisiolial 
systcins, or do l.licy l)clia,vc a.s I- or 2 (liitK'iisioital sysicms bcratisc of ilic r.ba.ilis 
or pla.iKts ol (lu  a.iid () al,oins? Wba.l, is ilic mecbanisin of sil|)crcoiidilciiviiy? 
Is il, mcdia.i('.(l primarily by spin or rliargc' fliiciiialiolis (corrclatiolis, viriila.1 
cxciia.iions) railler ilta.ii by pitoiioiis? I)('ba.l.(' on ail ilicse (|llcsiioiis siill colil.iiuics 
sincc ilic firsi obscrva.iion of higli-icittp('ra.iiirc sUpcrcoiidllctiviiy in 1986. In ibis 
clia.picr, wc firsi bricfly discuss ilu' tovv iciitpcraiiirc supcrconduciiviiy altd ilic 
IKÎiS model,' and ilicli discovery and fıındaııu'iıial pioperiies of liigli-iclilpcraiilrc 
siipcrcondiiciors vviili some iriodcls aiicuvipiiiig io cxpla.ili ilicm.
1.1 Discovery and fundamental properties of 
superconductivity
Siipcrcondiiciiviiy was lirsi discovi'ic'd and iia.lncd so by llcikc Kaiiicrliiigli 
Onnes^ in 1911 (Dig. 1.1). Wliilc. be was invesiigaiing ilie clccirica.l rcsisia.iicc
ter 1. Introduction
FigUlre 1.1: llcikc Kaincrlingli Oniics
tteike Kamcrlingli Onnas was born on Sopirinber 21, 185.'}, a.(, (Groningen, The 
Netliorla.nds. liis (allior, Hahn Kaim'ilingh Oiiiios, wa.s the owner of a brick-works 
near (Ironingen; his mother was Anna (ierdina doers of Arnhem, the danghier of 
a.n architect. His efforts to reach extremely low temperatures ndminated ¡h the 
liquefaction of helium it) 1908. Ilringiiig the temperature of the helium down toO.O/v , he 
reached the nearest approach to absolute zeix) then achieved, thus justifying the saying 
that the coldest s|)ot on earth was situated at beyden. It was on account of these low- 
temperatnre studies that he was a.warded the Nobel Hrize. Outside his scientific work, 
Kainerliiigli Onnes’ favorite recreations were his family life and helpfulness to those who 
needed it. Although his work was his hobby, Ik' was far from being apolnf)oUs scholar. 
A man of great personal charfn a.iid philanthropic humanity, he was very active diiriiig 
and after the Hirst World War in smoothing out political differfmees between scientists 
and in succouring starving childreii in countries suffering from food shortage. In 1887 
he ma.rried Ma.ria Adriana Wilhelmina Hlisaboth Hijleveld, who was a grea.t help to 
him in these activities and who crea.ted a home widely known for its hospitality. 11iey 
ha.d one son, Albert, who bi'ca.im' a. high-ranking civil servant a.t The Hague. 'ra.k(M) 
from NoIh'I t'bundation: http://www.nobel.se/laureates/physics- l9 l3-1-bio.html
of various inctaJs at licpiicl lldiilrn tmnporaturcs, fesistance of iTicrcUty clro()|)ed 
from 0.08 il a.i above 4I\ to less tlia.li 3 x I0“ ^'n a.t about 3A , iu an interval 
of 0 .0lAA This is the first clia.racteristie property of a supercoiuluctor, that is, 
resistance of a, superconductor, foi’ all practical purposes, is zero, below a well- 
defined tern|)el*atUfe 7 ,^ called the critical or transition temperature.
At a temperatlire below 7’,, application of a ina.gnetic field larger tlia.U a critical 
field ¡ ¡c[T)  destroys the supercondnetivity. This critica.l field restores the normal 
resistance a|)|)ropriate to that field. Another characteristic of the supercoliducting
|)lıa.vse is l.hai İliç magnciic ilKİıiciion H ilişirle' ilıc sU|)cr(:oıi(lilcior vanislu's. Tlıis 
is a siaicmeni 1)^  ^ McissiK^r-OdıscıılcIrl, vvlıidı is popularly iıaiııerl a,s Mcissucr 
c.fjeci:^
Discussion on lııcdıanical^ İİK'iinal and ('Jcciroınagııciic propr'riics, and 
|)lıcnoınçnologica.l ilır'.orics prior io IK!S ilıcory can l)c folllıd in ItcFcrmıâ '^^
Clmptcr L lîitmduction l]
1.2 BCS Theory
Alter the discovery of su|)er(:onrln(d.iviiy, l.hr'ie were many aiiempis io explain 
ilic' pli(nioiiielion. Tlu'se a.iir'iiipis provr'd ilia.i classical a.pproa.du's could lioi 
l)(3 successful in (explaining supeiconduciiviiy. A (|uanium medianica.l picture 
was necess.ary. The simplest possilile ilu'ory could he that of an electron gas. 
Ba.sed on a number o( a.ssumptiolis, Barde'cii, (Jooper and SdliTeirer* (srece Mg. 
1.2) developed the th(eory of sil|)erconductivity with such a iillantuin mechanical 
model.
Before the B(!S tlu'oiy, an important cliKe wa.s found by Cooper.'’ He showed 
that with an attractive interaction lu'twc'eii the particle's, l^erini sea is unstable to 
the formation of a certain kind of (|Ua.si bound pair. (In (¡hapter ‘5, this argument 
will ho ext('.nd('xl to oiir generic llamiltoiiiaii in whicli h()i)piiig aJiiplitUrle (le|)C'li(ls 
Upon the occupation of sites). Willi this due', pair interaction is considered 
to \)o th(' part of th(' inl.('ra.ction which is r('spoiisiblc'. foi' tlu' superconducting 
sta.te. Ii(^ st of the interaction, then, is trr'ated by perturbation th(X)ry. The |)<i.ir 
interaction part has often bc'eli calh'.d as tlu' reduced ov /xnrr/u/ Ilaniiltoniaii
,t ,,t (I. I)
k,^  k,k'
whore are .single |)arl.icle energies, (\ ,j is l lie anliihilaUoli operalor I'ol· a parUcle 
wiih moiiH'liitim k and s|)in proh'cl.iuli σ, V is the pair-pair ¡iil.eraciion l.eriil.
'I'lie pairing Ilamillonian is diagonalized hy Uie assimipl.ioit ihat. two pariiele 
inl.era.cl,ion operator is practically a c-inmd)er with only sinali iliictnntions 
around this average value. 'This assumption necessita,tes that the numlx'i· ol 
fermions in the systc'in is ind('iinit(\ Thus, a. gra.nd ca.nonica.l (Uis('ird)le with a.
¡hapter I. Introduction
PîgUt'e 1.2: jotiii Ijarda^i, L('()li N. Coopor, find J. Ilobcii Sdihrifor 
In 1957, Hn.i(l(}en ami iwo colleagues, \j. N. ( ’ooper and R. Scliriefrej', |)l4)pose(l l.lie 
iirsl; sUccessfii) ex|)laiia(.ioii of .siipercondiiciivipv, which lias been a puzzle since its 
discovery in 1911. In M)72 Miey (ччч'1У(ч1 tli(' Nobel brice (or their jointly developed 
theory of snpercondnctivity, (isiially cn.lliMİ tho IK!Sd,heory. John llardeen was born 
in M<adisoii, Wisconsin, May 25, 1908. 'Hie Nobel Prize in Physics wa.s a.warded in 
1950 to John Hardeen, Walter 11. Prattain, and William Shockley for “ investigations 
on selnicoiidnctors and the discovery of tlu' transistor eflect” , carried on at the Bell 
Telephone Laboratories. Dr. Bardeen died in İ99İ. Leon (Jooper was born in. 
1950 in New York. Pt'ofessor (!оор('г is Diroctf)!· oi' Brown University’s ( ’enter (or 
Neural Science. This ( ’enter was (onruled in 1975 to study animal nervons systems 
and the human brain, lie received the Nobel Prize in Physics Гог his studies on 
the theory of snpercondiictivi(,y c.om|)leted while he wa.s still in his 20s. Professor 
( ’ooper is (!o-fonnder and ( !o-chaİrjnaıı of Nestor, Inc., an industry leader in applying 
neural network systems to commercial and military applications. J. Robert Schrİeirer 
wa.s born in Oak Park, Illinois on May 51, 1951, son of Johii If. Schriefrer and 
his wife Louis (née Anderson). The main thrust of his recent work ha.s been in 
the area of high-temperature superconductivity, strongly correlated electrons, and 
the dynamics of electrons in strong magnetic (ields. Taken from Nobel I'Vnindation: 
http:// www.nobel.se/laureates/physics-1972.html
(lofinito diomical potciitia.l bad to be iisrvL Al'tcrward, this rbcmical potential 
is (leteriniiKMİ l)y the condition that tlu' a,v('i’ag(' litilnber of particle's is a give'll 
nuird)er (or, alternatively, İT a deiiliite value of eJımnİcal potentinj is given, tliem 
a.verage number of particle^s is eletermine'd in the elul). The te'SUİtİng approximate 
moelel is eliagonalized by means o\ a. linear e*anonİcal (-ralıslormatİon, which 
is introduced independently l)y ík)goliilbe)v ’^’  ^ and Valatilp"  ^ and is often calleel 
the He)goiilibov-Valatin transformation. Idge'nvalile of the moelel Hamiltonian is
C7)ri./)/,er I. Introdiicl.ion
round with an energy diilereneeol Ai< wil.li i(;s|)eel, (,o I,lie liorina.1 sia.U', whieli is 
known a.s I,he order pnrainrtcr or (¡a]) paraniclcr, and given hy
/V(())|/ d(
—  I.alili
/ LU[) 
U>J)
И =  ( e  V ( 1.2)
wliere /V(0) is (.he densil.y of sl.al.es al, I'V'i ini level, ujj) is I,he Debye rreqneney, 
V is (die inl.eiaeUoli e.oiısl.alıl., l·! is I,he ('xcil.al.ioii energy. The final equal,ioli 
for I,he ord(4' paranu'l.i'r a.Iwa.ys |)oss(>s a l.rivial solid,ion, z.r., Д|^  =  0 for all Ic. 
When, for niacroseopic number of values of k, is non-zero, l,he sysl,ein posses 
(,be pro|)eri,ies of a. snperconduel.or, and a.(, low l.emperal.ures snperrondilel.ing 
sl.a.I.e is (,he sl,a.l)le oik'. Л non-1,livial solnlion (or I,he ord('r pa.ra.ine(,er, wipeh is 
l,he eril,eri(hi for (.he snpercoiidnc(,ivi(,y, is achieved only lor a,(,(,ra,c(,ive in(,era,e(,ion 
between the (ennions [V > 0). TIk' eiK'igy gap decreases as the iempela,tille is 
increased. Ill ВСЯ theory, the critical ti'inperatiire is given by
= 1.1 '\(jOd exp
N{{))V )
More coniprehensive discussions on ft(IS tlu'ory and some ca.lcula.tions of the 
pro|)el ties of superconductors by B(tS tlic'ory can be Го111и1 in Ueference.'*
1.3 Discovery and fundamental properties of 
high-temperature superconductors
In the year of 1986, ■). (t. ftediiorz and K. Л. Miiller'  ^ (l''ig· l-d) observed 
the superconducting transition of a. Ia.iitliaiium bariuln соррг'Г oxide as it was 
cooled below . This discovery opdu'd a new a,t4'á. for liialiy physicisl.s. 
I'or their discovery, Bediiorz and Miilh’r received the Nobel Prize in Physics 
in 1987.'” l/a.ter, M. K. Wu and his group and (P W. Clitl," were successful 
in composing tlie first ma.teria.l, naiiu'ly YBa.2Cu;!0 7 _i, which is ca.pa.ble of being 
superconducting in licpiid nitrogen with 1]. a. few degrees above 90K. Pollowiiig tfie 
discovery of these extraordinarily high siipruconducting transition temperatures.
Chaptel- I. Intloduction
r igü l'e  1.3; ,). (Icorg llrdiiorz and K. ЛПех Mullci·
.1. (Jeorg Ucditoiy, was l)oni in NeiK'iikirdicn, Noiih-llliilie Wcsl.|)lialia, in ilu' Г''с(1пга1 
ll(4)nl)lic f)f (iorniany on May 1(5, 19Г)(), а,ч (,lio Гоп||,|| diild ol Aiil.on and l'dÍHaboUi 
liednoiz;. К ЛПех Müiler was born in Haslc, .Swil.zerland, on 20t,h April Í927. 'I'liey 
received (;lie Nobel Prize in Pliysics in 1987 “ for (.heir iniporlani breakl;hrough in (;he 
discovery of sii|)el'coh(luciivi(,y in ceramic Inalerials” .
(,v\'o I'amilios o( comiKXinds wore discovruod vvil.li even liiglicr values оГ 7',.. In a Bi- 
,Si'-(./'a-Cu-() coin|)oiind l.ransikioi) l.oward perfed, diaiiia.gnetisln, wliich is anoldter 
eharacierisUc of slipeCeoridueiors, is (olind al, llOK. Soon rvikec, a coinpotilid ol 
TI- l3a.-Ca-(bi-0 is alinouneed l.o have an onsel ienlperal.uce (wlieie I,lie ix'sisiancfi 
begins to fall steeply) nea.r MOK.
The Iva, Bi, and 'Г1 cornpoimds contain jila.iies of (hi and () atoiils, wliile 
Y compounds have both pla.nes and diaiiis of (hi a.nd О (l''igs. 1.4, a.lid 1.Г)). 
Nevei'tlieless, it is known that tlu' jilanes in yttriiini compounds pla.y the nutjol' 
role in generating superconductivity. On numerous experimental and theoretical 
grounds, it is helieveA that charge transport and superconductivity in tlie La, Y, 
Bi, and 'Г1 compounds are dominati'd l»y hob's on the oxygen sublattice ill tlu' 
Ou-0 planes.' *’ ''* The most umlsual runda.menta.1 properties of these hia.terials ale 
large 7'c, short coherence lengths, and la.rge spatia.l anisotropy. Large 7'c, results in 
presence of ma.ny types оГ excita.l ions. 'Phis is expected to ailect solne properties 
of the compounds. Tor example', in a high-temperature supercondiittor, since 
'I'c is an a.|)preciable fra.ction of Debye temiierature (which is about .'17Г)К), there 
are many |)honons present at 7T and they contribute Inuch more to the therlria.l 
conductivity tha.n do the electrons. But for low-ternperature superconductors,
(lliapici' I. itiirodilcUoli
Figure 1.4: l/a'2_xAx(!iiO,(
'I'he sirlicUiie of l/a2_x Ax('uO,i wlieie A =  Ua, S II ,  C a,.. ,  
ilerereiice' ^
Mg (I re lakeli from
whicli have very low iralusiUoii l.ein|)era.iiires, l.liis does hoi happen slhcc a.i such 
low iern|)erailires ihe luimher of phonons, which a.re |)reseni, is ioo slTia,ll io 
doininaie ihc ihel liial colidilciiviiy.
(Joherelice leiigih is ihe range of ihe propagaiioli oi a. disilirbalice in ihe 
magniiude of ihe siıpercolKİiıciing order paraineier (ihe delisiiy of sllpercon- 
dliciing eleciron pairs). Since ihe colierence lengih is iiurch smaller ihati ihe 
elecirotriagneiic peneilaiion depih in high-7k maierials, l.hey a.re all l.ype II 
siipel'condiiciors, i.(\ ihey lorni <|na.liii/,ed niagiH'iic. voriic.(;s (flilxoids) wlu'li 
exposed io a large liiagneiic field, and ilu'y have exirelnely high low-ielnpera,iure 
values of ilie up])er criiical field / / ,2, a,i which ihey are forced itiio liormal siaie.
Imporiani resiilis of siudies of high-iemperaitil'e shpet'coluluciiviiy ale 
pre.senied in ihe proceedings of various inierna.iional coilferelices.’ *’ ’ *^’ Refer­
ences*^’*^  discuss ihe physical |)ro))eriies and iheoreiical inier|)l'eia.iions of higli- 
iempera.iiile siipercondiiciors. Relow, we will discuss only a few of ihe Inodels
k'.r I. liil,ro(lticl,ioii
Figure 1.5: \’U;i.2(!u,'i07
Tlie sl l'iicUire of Yl{a2(Jii;j()7. l·'igııı■(' l.akeii (lom lereieiicc'^
al,l,eiri|)(,ing to explain ilic pliciiomeiioii of liigh-icmpciaidle stipel'coli(lnctivity.
1.3.1 Local pair model
In nai'tow-Kaiul systems, electfolis can iiitc'iact with each other via a. short- 
rajıge non retarded attractive potc'ntial. 'I'lu' origin of such a local attraction 
call l)e polaronic or it can he dile to a. coupling between electrons and exdtolis in 
plasmons. It can also result from purely chemical (electronic) mechanisms. 'I'his 
model is soim'times r('l('rr('d to as local pair siipercoliductivity or pairing in real 
space or “ bipolaronic supercoiKİııctivity” . There may he a. va.riety of microscopic 
mechanisms leading to an eflective short-rangi' interaction of electrons. Tlie most 
probable is strong dcrir(m-İM.ll.ice coupliiuj  ^ which gives rise to small pola.rons 
(electrons-surrounded by their local derorma.tion). If the attra.ction due to 
interaction between two such polarons overcomes the Coulomb repulsion, I,hey cfUl 
form small bi|)ola.rons. Such an eifective interaction can be realii -^ed, in particular, 
in tire ca.se of coupling Iretweeli narrow-band electrons and local pholion modes.
('Iinpùcr I. l iiLrodiicLioii
'I'Ik' fli'iivai.ioii ol siicli ;i. locaJ al.l.r;ulivr inl.i'laciiolt a.ii(l possiMo ilci.itsiU()li l.o 
pair-pair (•orr('lal,('fl .sl,a.l.n iniUally <l('V('lop('(| l>3/ li. Abrahams a.iul 1. O. kiilik,” ' 
alul for a.morplious mal,criais by P. W. Aiuh'isoii.^'' La.(,et· llic subjeci, was sl,udic(l 
by many a.iiihors.^' Sliorl,-ra.tigc a.(.l,ra.cl.ioii in a dciinile ciccironic subsysicm 
may also rcstlll, I'rom coupling hclwccn clcclrons and qnasihosoliic cxtilalions 
o f electronic origin:, stich as cxriions or plasmolis.^·^ Another possibility is a. 
purely electronical mechanism l('snlting iron) coupling between electrons and 
otiier electronic snbsystems in solid or ch('mica.l complexes. In the litera.tlire'*’ 
it is cla.imed tliat under specific conditions, the (JoidomI) repulsion acting in 
particular electronic subsystem can be oveu' screened. This woidd give rise to 
a.li eilective a.ttra.ction of electrons in this subsystem. Finally, the existence of 
“internal coordinates”, such as dangling bonds or a.bnorma.l bond configtlt'rUions, 
has also been propos(xl as a factor iavoiing local pairing in certain classes of 
sysi.ems. With tinsse mecha.nisms, two ('l('ctrons form a leal bound state either 
on a given site (on-site local pairs, bipolarons) or on an a.dja.c('nt site (ilitel -site 
local pairs).
it was proposi'.d by Kulik· '^ tha.t, two-('l('c.tron centers (local pairs), wllich 
already exist above T„, are formed at oxygen atoms. Due to the interaction of 
these with the conduction band electrons (those a.t Cu-0 layers) tlie local pairs 
gain kinetic energy and become mobile.
Representative superconducting inatcriats which exhibit local pairing a.re 
naRbj_xnix();(, Si'l'i.) : Zr, Rdlk, and bi| |.,;Ti'2-xO,). Discussion oil these models 
and experiiiK'lital i('snlts ca.n be found in R('l('lence.^'’
1.3.2 Magnetic models
Sdirieífer et a.l?^ ' proposed that in oxid(' siıpc'Tcondllctols the normal-phase 
excitations are spin-^ fermions, which c.orrc'spoiids to a hole surrounded by a 
region of reduced spin or charge density wave order. These excitations are 
named as “spin-bag” . 'l'hes(' spin-bag ('xcitations al,tract ('ach other as ill the 
cas(i of bipola.rons. II. is proposc'd thai in tlu'. pix'sc'licc  ^ of tlu' l''ermi s('a, the
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(•.oo|)era.l,iVC condciisaiioit occms a.I, a. I.ciiij)<;ra.iiirc liiglu;!' (,lia.li l,ha.i at wliicli 
l)i|)ola,ron [()riua.t.ion occurs. 'I'lii;·: Ic'ads I,о İHglı-l,ciıt|)cra,l,urc .sUpercoiKİtlciiviiy. 
Tlıe inicnıal sLnıcI.urc of itic (¡ııasiparUcIi's and ihe |)a.iritıg а.ига.с1,1о11 arise Ггот 
ilıc su|)|)rcssioi) of l.lıc aıtlifcrroınagııclic ord('r in Üıc viciiıiiy оГ l,hc quasiparticlc. 
I)(d,a,iled anaJ '^sis shows l,ha.l. loııgil.ııdal spin ilucliiaiious l('.ad I,o a siuglcl; pa.irilıg 
with Uıe liia.xiriiuin coııl.ribuiioıt coming (Vom ilu; r/-wa.vc channel.
Pines^^ sindied l.he ref.arded inl.eraciioıı İKd.weeıı l.he (|ua.si-pa.rl,icles on l.lıe 
Iwo-diineiisional s(|iıar(' lall.ic/' under I.Ik' ('xchalige оГ (,1к; anl,irerroma.gne(,ic 
pa.ra.magnon. TIk' I('suI(,s ohl.a.iiu-d (dr I.Ik> cril.ica.1 l.enqx'ia.iuiii а.1ч^  in 
agreeineni with ex|)erimen(,al resnil.s ohl.aiiKvl (dr j/S(J() a.nd YP(JO compounds. 
( !a.lcula.(,ions leased on (.lie modc'l resnil.s in a. ga.p pa.ra.me(,er wliicll glows rapidly 
near (.lie cril.ical l.einpera.l,ure as l.lie 1.(Чпр('га.(.иГе dec.rea.s( s^. 'I'liese lesull.s are 
a.Iso in agreemeni wil.li ('xperilm'iiis. lii 1,1и' calculaUolis, 1.1и^ liigll Tc and l.lte 
f/-wa.ve |)a.iring are condi(,ioned l)y I,lie (|Ua.si-l.wo-dimensiona.l chara.ciel· of l.he 
eleciroli spix.l.rulvi and by a slrongly aiiisol.ropic iniera.cUoli due io ihe ЛР spin 
iluciua.iions. I’ iiK's and co-auihors also considered iiniie life-iime eifecis and 
coupling limits in other studies.
1.3.3 strongly correlated systems, Hubbard, and i 
models
. /
Over the pa.st years, it l)eca.nie clear that the presence of sU|)erconductivity 
in flubbard-like models is a subtle issue. In the one-band Hubbard model, 
tliel’e a,re no signals of siipi'iconductivity at the temperatuies a.lid lattice sizes 
currently a.ccessible to numerical simulations. 'This is shown by studies carried 
out by several groups. Ill the one-band llnbbard model, there are cilii'eiitly 
no indications of strong pairing correla.tions for the clusters and teinpel-atlires 
available to numerical studies. On the other hand the nltractivc Hubbard model, 
shows clear indica.tions of superconductivity. Monte (fa.rlo methods ca.ll Hot leach 
the critical tempera,tures of the one-band Hubl)a,rd model, thus by using these 
methods, we ca.n not predict whether this model decs or decs not. slipel'colldilct.
Clmptcr 1. ¡iiU'ochicUon
llowi'vor, ('Xi'ul, flia.golia.li'/,a.l,i()H of I,Ik' niodc’H''^  docs nol sii|)|H)rl, any priHlicl.ioii 
l.hai. Ilul)t)a.r(l model su|)crcolidiicl..s.
'I'lic /, — J  tiiodel pfesents hole; l)ilidiiig iK'al- lialf-nililig in soirle pa.laineier 
region. Nninerical ana.ly.sis of I,lie l.vvo-dimensional I, — .} model ina.y show I,he 
inclica.iions of silpeiT.ondnciivily. In parUeiilai·, l.lie raagneiic snscepUbiliiy in l.he 
/, — J mod('l a.nd in the real cn|)ra.l.<'s Ih'Iuivî' similarly, bol.li siiowiltg deviaUon.s 
rrom a. canoniea.1 l''ermi-li(|iiid b('ha.vior vvliieli is caused by (.he presence of aiiU- 
ferrot 1 lagnel.i c corrc'Ia.l.ions.
Numerical methods to study strongly correlated models
Ma.ny numericaJ iechniqnes ale lieing Used I,о si,tidy sl,rongly correlated sy,s(,eins.
.4'
These eilorl.s can be grouped into ('xa.e.l, diagoiializaiion and Moltie Carlo meth­
ods. CeneraJly l;a.iiczos method is n.sed tor exact diagonaliza.tion. Disadvantage 
of exa.ct diagonalization is due to the largi' memory re(|iiirements. Current 
aJgorithms, either banc/,os or modified banc./,os or .some different methods, can 
not practicaJly be Used with tlu' currc'itl. ha.rdwa.re even for clusters larger than 
4 X 4 sites. Л great disa.dvantage of baiic/os method is about its wea.kne.ss in 
finding degenerate states. Creati'st a.ppc'aling of exact diagonalizatioli is due 
to the fact tliat dynamica.l pro|)erl.ies can be ('xtracted, where as with h4onte 
Ca.rlo simnla.I.ions, which a.re doiie in imaginary lime, these properties ca.n no(. be 
extra.cted.
'I'he general algorithm of h4onte Carlo nu'l.liod wa.s first applied to quantum 
many body .systems by Hlankenliecler, Scalapino, a.nd Sugar.'*” '” ’ h4oiite Ca.rlo 
methods have the well-known trouble calk'd the si<)n problem.. Ill the ca,se of 
a.rbitra.ry filling, other than half· filling, for I,he re|)nlsive Ilubba.rd model the 
sign of the determinant ca.nses probk'iii. TIk'II' are some tricks I,о overcome this 
problem. Ilut even in such modifii'd algorithms, as the temperature a.pproa.ch('s 
zero the error becomes larger. 'I'liis efh'ct imposes severe colistra,ints on the 
tempe.ra.tnre of the Monte Carlo simulations of Hubbard model away from half- 
filling. One might ('asily giK'.ss that tlu'study on sign problem is a very important 
iect in the context of simulation of corli'lated electrons. Sorella. cl
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goncraicd coMsidcrabtc cxciteitU'ni iii l.lic (ic'ld wiili a .siltd}' claiiriilig ihai l.hc 
valuci of sign (:oiiv('!gcs irs l,cin|K'ral,iiio goes l.o zero, l)y using |)rojecl,ol· Monio 
(larlo algoril.luii and appropria.I.e I,rial wa.ve rnncl.ion. I5ni nnroi'innal,ely, il, was 
shown la.l.('i·, aga.in by Sorella., I.lial, I.Ik' conclnsions in l.lieir work wcixi soinewha.1. 
preiilal.nrc. However, a. new l.ed)iti(|n(', again by Sorella.,’  ^ is ca.ndida.l,e to cause 
a new excitement in the field. .Sorella claims tha.t sign problem is stabilized by 
introducing a stochastic reconiigiiiation. This introduces a bias but aJlows a 
stable simulation with constant sign.
A coUiprehensive revi<^ w on high tc'.mpi'ra.tnix' snpercolidnctivity in the context 
of strongly correla.ted eloictron systc'lns is wril.teli by IT Dagotto. ’ ’
d'herc' a,i('. oI.Iku' imx'hanlsms pioposc'd to ('xplain the pluuiomelion ol high- 
telnpera.tnre snpercondilctivity, silch as spinon-liolon model ol Anderson (broken 
singlet bonds lea.ding to appearance of two l''('|■nn excitations with spind which 
ha.ve no charge called spilion, upon doping a new type of excitation which are 
ca.Iled holon, hole wil.h a |)ositiv(> charg(' and no spin); d-vmva pniriv.fi modrd 
proposed by Hines, and Hnint and Scalapino*'' instead of the standard .s-wave of 
the IKIS; description of the ililx pha.s(;s by the help of particles with fmcl.ionai 
slaiistics, .so-called anyons, proposed by VVilc/,(d<; and many Inore, which fill tnany 
shelves of libra.ries.
Chapter 2
Superconductivity in ultrasmall 
grains
hark ill I.İK\y('aı· o( 1!)Г)!), Лii(l('rson |)i()|)os('(l I,liai (of a lilntcl ial, к11|и'Гс()1к1(1г- 
iiviiy should (lisa.|)|x'al· ;i.s ilic iiioaii h'vf'l spariııg (S becomes of ilie ofch'.f o( bulk 
ga.p Д. Since ilie level spacing is lelaied io ilie size оГ ilie inaiefial as 6 ~  l/V ol, 
according io Anderson’s criieria siipercondilciiviiy would disappear in (llirasmall 
grains.
liiieresi in supereondiiciiviiy in nliraslnall giailis feceiiily renewed wiiii a 
.series of experinienis by Bbu k, Ralpli and 'riiikliam (B llT) (and niofe 
recenily by Davidovic and 'rinklialir’ ’^ *”). BUS' accoliiplished in fabricaiing a 
single AI pariicle of nanonieic'r siz(' coniu'cii'd io iwo separaie liieial leads by 
iunnel jnneiions. 'I'hey obiain ilie cilrreni-voliage ( /  — 1^ ) ciirve wiiii discreie 
sieps eorres|)oliding io iilniieling via individual elecirollic siaies in ilte samph', 
|)rovidilig ilie iirsi speciroscopic ilK'asnri'iiH'nl. of iliese siaies. Mg. 2.1 shows a 
scheinaiic diagram o(one of ihc earliei’ devices Used in BR'I' cx|)erimeiiis, and all 
SBM image of a more receni device by Davidovic and 'I’inkhairi. 1Ш,'Г observe 
l.liai ihe spec.iroscopic. gap pararneier vanislu's as tlie size of ilie sahiple decreases 
(wiih r ~  [Q nm gap is observed, vvhih’ wiih r ~  2.Г) imi no gap is observed). 
Ifowever, ihe gap para.meicr pelsisis for smaller samples wiih evert number of 
elfîcirons ilian ihose wiih odd nunilrer of elecirons. Dstimaied level spacing for
ter 2. SiipcrcoiKlucUvity in n lin is iiin ll grains
Al electrode
S i 3 N 4  г
Al electrode Al particle
Figure 2.1: HlTI' ('xporiineni *
A scliorlnaiic diagram of one of l.lio I,he earlier devices fabricaied by 
fabricate a l)owl-shai)ed hole in an insulating Si^ N^ j membrane, with the opening on 
tlie lower edge ha.ving diameter d-IO nm. They make one electrode by eva|)orating Al 
on the top side so as to fill the bowl, and oxidize to I’orm a tunnel barrier near the edge 
of the SinN,) membrane. They then evaporate. 2 nm of Al on the reverse side to form a 
layer of electrically isolated particles. Because of the surface tension Al beads np into 
sepa-rate gra.ins. Imllowing a second oxidation they deposit a second Al electrode to 
cover the particles. They estimate tin' size of pai ticle roughly by a.ssnming that the 
l)artlcle ha.s an hemispherical shape (this assumption is made only to paranieterize their 
results, since atomic microscopy studies show that ^5-10 nm particles are more likely to 
be pancake shaped). Later they fabricated similar devices, with a gate electrode,‘^^ and 
also with An part ic les .Davidovic .  and Unkham succeeded in fa.bricating 2 nm An 
sample which was the smallest particle to that da.te. (on the right side is an SiCM 
image of a device with a 20 nm An partich' 000 conduction electrons), taken from 
lleference' '^ )^
?' ^  10 Dm is S ^  0.02 nioV and foi* ^  2.5 nm it is S ^  0.7 moV, while bulk gap 
of Al is Л Q/M ineV. Ibuico ПНТ ('oiicliidf' that their experimciitaJ resulis are 
in (jUalitative agreenietii with Anderson’s eritiUia. As a reference for the rest оГ 
the discussion and for sake of completeness wc. present some empirical paralneters 
of AI in Tat)le 2.1.
dlK\s(' ('xpcu iimuits rais('d (pu'stioiis about tin' ciossovi'r from superconducting 
to normal state in ultra.small grains Avitb level spacing S ^  A. Standard IKJS
el' 2. SııpcrcoiKİtıcUvU.y in nll.riisnnıll gnüns
7;,(K) r;(K) (ın.)/moI(' K·^ )
Nbs(O)
(,sl.a.l.('.s/('V a(.oın) Nb.(0)/Nre(0)
A
(m cV)
[.16 428 1.35 0.38 0.208 1.08 0.34
Tabk 2.1: Kin|)irical paranıeiers of Л1
whore 7'r is l.lıe tran.siliioh l.emperal.ııre, в is Uıe Dehye ieınperaiııre, 7 is iho. elecil'onic 
lıeai capacity coeiricient, Л is the со iipling constant, Л^ /;.я(0) ~ '{7/27t'^ /î:^( 1 -f- A) is the 
'‘ band-stnictnre” density ofsi.ates al. I.he I'Vnini level, /V/r-(0) = 3/d Z/ Ejr [Z is valance) 
is the density of states obtained from the (Vee electron model, and Л is tlie energy gap. 
VaJues taken from Îî.ef.'*^ ^
theory gives a good description of tlie phi'iiomenoJi oi superconductivity (or laige 
sa.rnples. However one slioidd expec.l. that tlu' cpuvntuin iluctuatiolis of the order 
pcvrarneter grows fis 8 reaches A. Matvinw and Larkin (MI.7)'** sliow (.hat the 
corrections to the mean field results which аГ(' small in large grains (6 <C A), 
İK'come im|)ortanl, in tlu' opposite' limit (Л Д). ML'** introduce a pa.rn.nu'tc'r 
Гог ])arity eifect, which is an ohservahh' physical cpiantity;
A „ =  } _  _ i ¡/¿nn 2 V ·'
Ap =  - l y  +  i  ( « ? ·♦ ' + p2n-l )■ ( I I )
Alilioilgli wiUi .slaiulaid IKJS ralr,nla,l,i()iiK il, vani.sİK'.s, ML sliow iJiai, if ilio 
(HiaiiUltn ilucitialioiis arc properly iakcii inl,o account, tlic parity palainctcr (lo(^ ч 
not vani.sli for 8 A . 'I'bcy obtain the (ollovving a,4yrnptotic results
Ap 8 8
"a  ■ 2 A ’ A
A,, Л 1 8
A ■“  A 2 In A
Ap j
A “
1 _  * ), 8
Â
•C
•C (2 .2 )
In scope of these asymptotic I'csiilts, ML concincle A ,,/A  lias a itiinimiJin about 
8 ~  A. Note that this value corresponds to the crossover in question, that is 
tra.nsition from superconducting to normal state.
Mastelloiie, I'alci and I'a/.lo,''^ and Ih'igc'r a.nd llalperil)'''’ solve the problem 
numerically by exact diagona.li//a.tion. Loth groups obtain similar residts
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suggesting a ininimuin in A ,,/A  lor 6 ~  A , in aglcerneiit with ML’s predictions. 
Hra.nn and von Dein/*'’ approach tlu' prohlem within a. fixed-N picture of 
supoMconductivity. Instea.d of grandcalionical ('iisendjle, they solve the problem 
in a. much more dilhcult wa.y hy using a. canonical ensemble. Their results show 
tlie same minimum as predicted by MIj, too.
2.1 Degeneracy
If we woidd colisidcu· that there is no spatial symmetry in the; grain, tluui the 
only degenera.cy woidd Ix^  due to tln^  tiiiu' r('V(UsaJ symmetry which is ca.lled 
Krammer's de.fg'nerncy. However, although it is supposed that these sa.mples a.re 
irregular in. shape, authors like bandmali,'*’ strongly a.rgUe that spa.tia.l symmetry 
lemailis however small the sainph' is. In ca.,s(' such a sylnlnetry exists, for a. 
|)ara.bolic dispersion, deg('nera.cy is ot tlx' ord('r of kt.'h where /:/;· is the I'eriui 
momentum and L is the |)a.rticle si/,(% and typical distance between levels is of 
the order of I'dg. 2.2 shows tlu' d('g(Uieracy of energy levels in such a
pa.rabolic dis|)ersion. In order to Uiuh'l stand the (dfect of Kra.mmer’s degeneracy, 
let us coliside)' the standard BC8 th(X)i y. t'or a. grain where eigenstates ate lalnded 
by crystal momentum k, time tx'versr'd stat('s are |k J.) and | — k |). Note tha.t 
tlu'ix^  is anotİK'r similar bid. dillerc'iit pair b('tw('('li |k f)  and | -· k ,|.). Since; ill 
usual HCS reduced lla.miltonian ( l . l )  there' is a sUmma.tion e)ver k, both pairs 
a.re pre)pe;rly ta.ken into ae'-eeumt in cale ulatie)iis. He)wever, when we sum ewer 
eiK'igy levels ra.ther than the inelivielua.l state's we must be eareful in incluelilig 
be)th pairs.'’’ ’ Ne've;rth(;h'ss, the' mexle'l without eleuible; ele'ge'lie;ra.e:y e'.aii still Ix' 
e:e)usidere3el to de-;scribe sUpere:e)nelUctivil.y in systems with lexd wa,ve fuuctie)ns e.g. 
one elimeiisional infinite epia.ntum we'll.
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F i g u r e  2 . 2 : D e g e n e r a c y  o( (nie rgy  l('V('ls fol* a  | ) a ra l )o l ic  d i s p e r s i o n  
l 'br a  parabol ic  d ispers ion,  i.e. /^i  -  nn lnber  of  soli l i iohs sai is lyi l lg
n'^  — 11^ 1 4 v,2 l· (or a  range oC energies alxMil- (,lie l 'erini energy is shown as veriical  
lilies for each channel .
2.2 The Model
Wo a.ddrosR l.lio (|iio,sl.ioit ol ulira.sina.ll siiporroiidiiciiiig grains wiiliin a. |)a.iring 
11 am il ion ian
w h e r e  a n d  a r e  r e i i n i o n  c rc ' a i ion  a n d  an n i l i i l a i i o i i  o p e i a i o i s  Vvliicli s a i i s l y  
i lu '  a i l i i - c o i n m n i a i i o n  r e la i io n
' ,f ,<T 1  ^f ' , n ^  1 {2 A)
a n d  /  d e j i o i e s  i h e  s in g le  p a r i i r h '  ( | i lan l .nm n u m b e r s  i n c l n d i n g  d e g e l l e l a e y ,  ( j  
d e n o i e s  t h e  s in g le  p a r t i c l e  e n e r g y  leve ls ,  rr ~  ± 1  d e n o t e s  t h e  s t a t e s  w i t h  lip a n d  
d o w n  s p i n  w h i c h  a r e  c o n j u g a t e  w i t h  r e s p e c t  t o  l . ime r e v e r s a l  s y n i l r l e t ly ,  g is t h e  
p a i r - p a i r  c o u p l i n g  t e r m .  T h e  s e c o n d  s u m m a t i o n  is o v e r  a. convell iomt s e t  oF leve ls  
S. Pol' t h e  1K.1S m o d e l  t h i s  se t  is t h e  co l l e c t i o n  of  l eve ls  l y in g  w i t h i n  a  she l l  w h i c h  
ha.s a  w i d t h  o f  2tn/; a b o u t  t h e  P'ermi l('V('l. Ib -nce ,  in t h e  s e c o n d  s u m  we i m p o s e
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FigUt'e 2.3: ( J o n v c n i c n i  s c i  o( l('V('Ls a r o u n d  bcnini  e n e r g y  for l.he lKJ»S Ino de l  
(lonvoiiiei)t  collecUoli of  single |)ar(-irle slal,(\s Гог l.lie inodel consis is  of  ilrose liaviiig 
energies  which are lying aboill. the  I'Vn ini lev(d, wiiliin //, dho;/;. W(i dei ioie I his sel. as 
th e  set  S. Пс i« The аН.оГГ lurmber cor re sp ond in g  to the  value оГо;/;, and S is the  level 
spac ing .
this resti ietioii and cohsidel· only I.Ik' (ollovving stale's:
(2.5)
where ric ~  (where [ ] denotes integer part of the algtllnent). d1iis sel. is
shown scheinatically in h'ig. 2.2.
We write above Inodel of many reilnion system (2.2) as an ilamiltoliiali of 
fermion |)a.irs intera.cting via pa.iring Force's in see:oiid epiantized form
whe re
a n d
l l  =  y 2, , N , - ; i  E  ' ' i V .
^ J  ~  c \ “h )
( 2.{))
(2 .7)
(2 .8)
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Next,  we  s|)lit, II ini,o l,wo paı l .s  a n d  wriU'. il, as  s u m  of  l,wo o p e r a l . o l s  / / |  aiKİ 
/ / 2. d ' l ı ey  re|)l('S(!iıl, i ıul(i | )en(lenl.  p a r i s  o f  I.Ik ' s^/sfeın.  T l ı e  firsl. pari,  ll\ o | )e ra l . es  
o n  i l l e  n o n · i n i e r a c i i n g  p a r i i c l e s  of  l.lıe ,sysl.('m w h i l e  //2 op e la . ie s  oiı i l ıe  pa.rl,icles 
wliieli  iııi('ra,c:l. wil.li ( ' a d ı  oİ İ km· v i a  p a i r i n g  foices .  ' I 'his  s|)lil,l,iııg is sl,al,(' (1( 'р(Пк1(П||, 
a.lKİ will  (lepc'iKİ ılpoıı  w l i id i  hna ' ls  in l.lıe s i ' i  S a r e  s in g ly  oecnp iec l ,  a.iKİ w l u ' i e  
i l ı e  (•.hemieal p o i e ı ı i i a .1 //, is posi i ioıu ' .d.
N o n - i n i e r a c i i n g  p a r i i c h î s  o f  i l ıe  sysic' iıı  fail i n i o  i w o  d i i f e ie l ı i  da ss ( \ s .  O n e  
ela.ss co l ı s i s i s  o f  İİk ' pa r i i e h 'S  wliicli  a.l<' ;dre;ı.dy l ioi  i l ıcJluhal  in i l ıe  s e i  S. T l u '  
•sixofid da . ss  c o n i a i n s  i l ı e  ni ipa i ix 'd  p a r i i d c ' s  vvlıidı o c c n p y  hnads  for w l i id i  / is 
c o n i a i n e d  in S. W h e n  we spc 'ak of  n npa i ix 'd  p a r i i e h '  we im 'a l ı  a  levrd is s i l ig ly  
oce i ip i ( 'd  by i l i a i  p a r i i d e .  S i n c e  ilic- p a i r i n g  in i( ' i a .ci ion is be iwc 'en  i l i e  p a i r s  on ly ,  
i m p a i r e d  p a r i i d e s  d o  l ioi  in ie ra ,c i .  l lenecg  an  ( ' i g e i i s i a ie  o f  II c a n  be  w r i t i e i i  as  
a  l i n e a r  c o i n b i n a i i o i i  o f  s i a i e s :
7) ,^ \
Lei
II -  y/| I- II2 1
w h e r e
II,
J
w h e r e  i h e  s l i m  is o v e r  i h e  s e i  ,S'i o f  vaJiK\s o f  / ,  a n d
i l l  -  2(. f Nj -  (/ Y  l>\l>r,
/  U '
( 2d 0)
( 2 d l )
(2d 2)
w h e r e  i l i e  s u m s  a r e  o v e r  i h e  s e i  Sj, o f  value's o f  / .  ' I ' he  s e i  ,S'i cdli ia, ins all h'Vids 
w h ic h  ai(i  on is ic h '  o f  i h e  2u>d she l l  a b o i l i  ilu- l·'('rnıi level ,  pi l ls  iho.se leve ls  wi ih i l i  
i h e  she l l  bid, s i n g ly  occUpioxl.  'P h e  s e i  S2 ( ' oli iai l is  o n l y  i h e  d o l l b ly  o c c u p i e d  leve ls  
w i i h i n  i h e  2u>i) sIk'II a b o n i  i h e  I 'erni i  l('V('l. In o i l i e r  w o r d s ,  we  ia.lce o n i  a. s in g ly  
o c c u p i e d  leve l f r om  i h e  s e i  o f  lev(' ls o f  in ie r a .c i i n g  p a l i i d e s  .S', a.lid i n c l u d e  ih i s  
leve l i o  s e i  o f  l eve ls  o f  no n - i l i i e r a . c i i n g  p a r i i c h ' s .  Thc ' s e  a r g n m e l i i s  a r e  br ie f ly  
d i s c u s s e d  in h'ig. 2 / 1. 11, is d( 'a . r ly  s('('li i l i a i  i lu '  s p l i i i i l i g  is s i a i e  d e p e n d e l i i
i h r o i l g h  i i s  d e p e n d e n c e  on i h e  siiig,le o r  d o n b h '  o c c n p a i i o l i  ol levels .  ' I 'h is  is i lu '
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Figure 2.4: SpliUing of Icvc'ls iiilo two sets: ¡^lockiuf] c ljc c r  
We l.ake out the .singly oraipied level I’rom l.lio set of levels within the 2cvn about the 
I'ermi level and include this level to th('set of h'vels of lioh-interacting particles. 01ien, 
we will study (2.I2) restricted to those levels contained in the set ,SV On the left hand 
side of e(|ual sign, the set S and the s(d, of non-interacting levels are shown. 'Phe set 
of non-interacting levels is schematically represented by shaded regions. On the right 
hand side, tlie first term is S2 and the second term is S\. (Only lor simplicity and for 
the sake of being clear we disctiss iion-degenerate case in this figure. Cielieralization to 
degenerate ca.se is
so-Cfilled ^d)lockin() rJJ(’ck\ T h a t  is, t lu '  s in g ly  o c c u p i e d  level is d^)lockc(P'* a n d
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(Iclc'led (rom l.lu' s('l, S  io l('av('. I.lu' s('l. ol Icna'ls S 2 available l.o ili(', i(tl.cra.ciiiig 
|)a.ii's of |)a.i'Uc.lc,s otil.y.
H o w e v e r ,  Utis İK nol. a.ll a.l)oiil, ilu^ s p l i U i i i g  o f  I,lie s e t s .  T h e r e  la o n e  m o r e  
e f red ,  w l i i d i  wil l  i n t r o d u c e  s o m e  n e w  Icivels t h a t  w e re  n o t  i n c l u d e d  in t h e  s e t  S\ 
a n d  wil l  r e m o v e  s o m e  leve ls  t l i a t  wcuci i n i t i a l l y  in t h e  s e t  S'. ' I 'h is  eiFect  i.S d u e  to  
t h e  s h i f t  o f  c h e m i c a l  p o t e n t i a l  //,. VVIkmi th<' c lu ' in icaJ  p o t e n t i a l  s h i f t s  a n d  d o e s  n o t  
c o i n c i d e  w i t h  /  --  0 level  a n y m o r e ,  it is iK'c( 'ssary to  r ( i c o n s t r u c t  t h e  s e t  o f  l eve ls  
w h i c h  ha.v(' e n e r g i e s  r a n g i n g  f r om  //. — lod to  p. T h i s  e f fec t  Is s c h e in a . t i c a l l y
s h o w n  in l' 'ig. 2 .5 .
S i n c e  / / |  a m i  //2  c o m m u t e  a.nd a.re c o n s t r u c t e d  f r o m  i l i d e p e n d e i l t  .sets o f  
d y n a . m i e a l  v a r i a b l e s  o f  t h e  . sys te m,  t h e  e i g i n i s t a t e s  of  / /  a.re | ) r o d u c t  o f  e igen.s ta. tes 
o f  fl\ a n d  II2 · I’lm e ig ( ' i iva lues  o f  II is I.Ihmi s u m  o f  e i g e n v a l u e s  o f  ll\ alt'd / / 3. 
/ / )  r e p r e s e n t s  a. s y s t e m  o f  n o n - i n t e r a c t i n g  p a r t i c l e s  in an  e x t e r n a l  p o t e i i t i a .1 well .  
T l i i l s ,  i t s  e i g e n s t a t e s  a re :
(•2 , 1 :1),1. n I  ■ ■
a n d  t h e  c o r r e s p o n d i n g  e i g e n v a l u e  is
r/i T I - ' / . , ·  ( 2 . H )
' ( ' igenva lUes  o f  / /  r e d u c e s  t o  s t u d y i n gd ’h e r e f o r e ,  t h e  p r o b l e m  o f  r l e t e r l n i n i n g  t 
t h e  e i g e n v a l u e s  of / / 2.
H o w e v e r ,  w h i l e  c o n s i d e r i n g  t lu '  t o t a l  ( ' i iergy o f  t h e  s y s t e m ,  we wil l  c a r e f u l l y  
t a k e  i n t o  a ,cco unt  t h e  c h a n g e s  in t iu '  sc't ,S'|. к'ог e x a m p l e ,  g r o u n d  s ta . te  e l u ' l g y  
c o r r e s p o n d i n g  t o  ll\ for t h e  c o n f i g u r a t i o n  in Kig. 2 .5 (a.) a.lid ( b )  diffet· by:
f - I — ( -»,. -1  · (2.1.5)
' f a k i n g  all t h e s e  a r g u m e n t s  c a r e f u l l y  i n t o  a c c o u n t ,  we  n u m e r i c a l l y  c a l c i d n t e  
t h e  e x p e r i m e n t a l l y  r e l e v a n t  fp i a i i t i ty  A,,  ( p a r i t y  p a r a . m e t e r ) .  In o r d e r  to  d o  .so, 
we  f ir st  c a l c u l a t e  g r o u n d  s t a t e  e m U g ie s  for t l i r ix '  s u c c e s s i v e  sta.te.s c o r r e s p o n d i n g  
to  /, / -|- I a n d  / - | - 2  p a r t i c le s .  S in c e  we a l s o  conside l·  degenera .c.y in t h e  s y s t e i n ,  we 
o b t a i n  2 X (I (w f ie r e  d is t h e  level  d c ' ge i ie racy )  d i f f e r e n t  A,,. W e  Use t h e  fo l l ow in g
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Figure 2.5: S | ) l i U i l i g o l  Icvc'Is iitl.o I,wo s('l,s; sli.ij'1 o f chemical polcnlial, p. 
Since' I.İK1 p a i l ' p a i r  i i i loractioii  is hy (l('iini(.ion ı·(’κl,|■i(:l.c(l l.o pairs  wiUi cluM'gy wiUtili 
t h e  2a;/; shell a b o u t  Fermi level, when l' 'ermi level shif ts ,  th e  levels which should  be 
il icll lded ill t h e  set  .S'·; change.  Here,  the  sh ad ed  regions corrcispond to  t h e  levels o f  
l ioli-intel 'act i l ig par tic les  (.set .S'l).
co l ivei iUoi i  ill d c i i o t i l i g  tliciri :
A ^ ”'d — ( — I)"'· I) 1  ^ / / ( 2A' | -m-2) ( 2 .K))
w b e t e  N =  licd ( t o t a l  n u i n b c r  of  b'vc'ls Ih 'Iow  I ' e l in i  e n e r g y  a n d  a b o v e  ciltoi[ '
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Figure 2.6: Tlii(XM ()nsf'rii(,iv('conligiira.ljoiis lor (ii(Irr('ii(. niiinl)cr of |)<iriir.l('s 
I,ho thiop colisoculivo roiingiiraiions whoso groiind sl.a(-o oiiorgios al'o iisod l.o 
oalculato aro shown sohoirialically. NoU' I ho shift, of dioinir<al poiontiaJ for dinoroni 
inimbor of olocllons. Holow oarh coniignraiioii, mirnl)or of olocimns aro wiiflon lor 
clarity. DogoMora.cy is r('|>ros(nit('d by horizoiiUd dotted linos.
lov(d). ilrnro, foi* oxamplo, for rn ~  I
(2.17)
vvliidi is sclieniai,ir.a.ll,y prcsciiicd in Idg. 2.G.
I'bl· ili('  l ( i n i a i u i n g  o r o n i '  di .sni.ssioil ,  vv(' i l i l . iodl icn i l i c  dil iioiisioldeR.s c o u p l i n g  
paiam(d.( ' i·  ^
a n d  e ( | i ia l  level  s p a c i n g ,  so IJ tai  s ingl· '  p a r t i c l e  e n e r g i e s  a i ( '
(2 . 1!))
T l i i l s ,  t h e  m o d e l  l l a m i l t o n i a n  t h a t  we  stud37 Ix 'co m e s
" 2  \ X
/ - - " I
(2.20)
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' l b  ob l .a in  n i e a n i h g ( ‘a) nisul l . s ,  wc |)lol. A ( / " V A  v e r s u s  S/A, w h e r e  A  is l l i e  h u l k  
g a p  o f  t h e  i n a l e r ia J ,  fii i i ie  ca lcu la .Uoli s  w('. s('l. l l ie  Deh^ai  f r e q u e n c y  in a c c o r d a n c e  
wiUi  fire v a l u e  of  ?ir, i-c., g iv en  an  w(' will d e f in e  co/) a.s
OJf) ( 2/21)
This will simplify our caIcnIaUons. n('.caiise if we would liof consider all lire levels 
fxrill.a.ilied inside ihe 2co/) shell, would hav(' lo consider |)erlUi”l)alive corieclİons 
lo r/, a.nd woidd hav('. lo wiilc' / /  (2.20) wilh an ('ffeclive ff (such all ajrpi-oa.ch 
is a.dopUxI hy IhugiU· and Ila.lp('i’in'*^ ). llowi'ViU* wilh oili- |)roc(xlure, since w(' 
a.ssuliie l.hal we lake all lire lev(ds iirsidc' lire shell, we do nol consider slich air 
eiFeclive ry. 'This Irrighl s('em lo Ik' a. I)il ilnphysica.l al firsl sighl, iieverl.heless we 
consider la.i*g(' va.lu(\s ol in oiir ralmlalions which a.ix' r('a.sonal)le conrpa.red lo 
Ihose of hraleria.ls us('d in (rxp('ri)n('iils.
In I3( ; s  s d i c m c  i h n  h u l k  g a p  is givoii  hy
A ■.= LOl)
Гг()П1 wliidi we call wrii('.
s i l i h ( r / / A ) ’
sil ll l(( ' / /A)
(2.2:i)
A n,·
I 'br  a  f ixed ?).,,, t h i s  r a t i o  c a n  Ire varic'd o n l y  Iry v a r y i n g  A. VVe will  t r a c e  (S/A 
hy  v a r y i n g  A f r o in  s m a l l  vaJues  to  l a r g e r  va.liles a t  i n u d i  Up to  A =  0.5.  Песа.Пяе 
l i ig l ier  v a lu e s  ol A a r e  Hot a.pplica.l)le for t h e  H ( tS  m o d e l .  ActUaJ ly ,  (rolri (2 .2 d )  we  
call  a p p r o x i n i a t i ' l y  (h 'd i ice  m i n i m u m  n,. I .hat  wv s h o u l d  iiS(' in o i i r  c a l c u l a t i o n s .  
I 'of  exa .m | ) l e ,  u s i n g  t l i e  v a lu e s  f r o m  T a b l e  2.1 a n d  level  s p a c i n g  o f  sa .m p le s  usc'd 
in ИН.Т ( ixper in icnf . s ,  w i t h  (S =  0 .7,  w(' o h t a i n  n,. ~  lO, w h i l e  w i t h  6 =  0 .02 ,  
He 250 .  In t h e  h u l k  l i m i t ,  w h e r e  Л -> 0,  to  o b t a i n  t h e  c o r r e c t  l i m i t i n g  v a lu es  
we m u s t  m a k e  o u r  c a l c u l a t i o n s  w i t h  n.,. oo.
I'V)!' e a c h  d i f r e r e n t  v a l u e  o f  A, g r o n n d  s t a t e  e n e r g i e s  o f  2d T  2 ( a g a i n ,  d is 
t h e  level  o f  d e g e n e r a c y )  d i f re re l i t  c o n i i g u ra . t io n s  a r e  ca . l c n la te d ,  a n d  а.Ге
o b t a i n e d  for ?//. =  I . . .  2 d  by  u s i n g  t l i ese  ( ' lu ' igy  va lues .  W e  u s e  t w o  d i fFerent  
p roce . f lu res  t o  ca.lcula.t(', g r o u n d  s t a t e ’ e n e r g i e s .  O n e  p r o c e d u r e  is c o n s t r u c t i n g  t h e
Clniptcl' 2. SiipcrcohdacUvH:)' in liUnisnm ll gniins 2Г)
I l a t r i i l t o f u a i i  ( 2 .2 0 ) ,  a n d  s o l v i n g  i b i s  l l a l n i l i o i i i a n  exacl.l_y foi' i l i e  l o w o s i  l.ying 
e ig en v a lu e ' .  T l i e  ol.luu· p ro e e f l i l re  i.s u s i n g  iJu'  ( ' x a c i  a n a l y t i c a l  s o l u t i o n  oC t h e  
s y s t e m  d u e  t o  H . i d ia r d s o n  a n d  S l i e r m a n '* '  w l i id i  is d i s c u s s e d  in t l i e  fo l lo w in g  
s e c t i o n .
Dc'tails o f  numeiicaJ |)1'ос(м1иг(' o f  constiucting and solving // for the lowe'st 
lying eigenvalue is discUssoxl in A|)|)endix Л .1 .
2.3 Richardson and Sherman’s solution
'ГЬе  p r o b l e m  o f  d e t e r m i n i n g  t h e  e igc ' i i s ta te s  o f  t h e  ^a.ii in g - fo r c e  l l a .m i l to n ia i t  was  
s o l v e d  l)y 1?. W .  H . i d ia r d s o n  a n d  N. S lK ' i ln a n  in 1964. ' '^ H o w e v e r ,  t h i s  s o l u t i o n  
wa.s f o r g o t t e n  for a  lo n g  t i m e  fh ' s p i t e  o f  i ts  i m p o r t a n c e  in appl ica . t io i l  t o  IK IS 
t h e o r y  o f  s u p e l c o n d u c l . i v i t y .  Very  i4'C('ntly, t h i s  s o l u t i o n  is “ r e - d i s c o v e r e d ” by  t h e  
c o n d e n s e d  r n a t t e r  co ln m u n i t y , ' * ^  y e t  t h e r e  is n o t  m u c h  a .pp l ica t io l i  o f  t h e  s o l u t i o n  
to  t l i e  IKJS m o d e l  u n t i l  no w .
(il'oUnd state enelgy of the model (2 .2 0 )  is given by
/'/' =  I'd -b . . .  -f- /'/'/V,
vdieie tlu ' pair p a ra iiK 'ti'rs I'd an- obtaiiu'd from tlu ' following con 
noli-linear e(|ua.tions
(2 .2 4 )
s y s t i ' in  of
d
X6
N 12(71.)
Z-c <)
I *2  ^if.
0 :
1 =  f , . . . A b
w h e r e  i2(?f.) is t l i e  p a i r  d e g e n e ra .c y  o f  t lu '  level w h ic h  h a s  p a i r  e n e r g y  2c„., N is t h e  
t o t a l  n u m b e r  o f  p a i r s ,  M  is t h e  t o t a l  n u m b e r  o f  l eve ls  in S'2 · d ' h e  r o o t s  I'd o f  (2 .2 5 )  
a.re recp i i red  t o  b e  d i s t i n c t .  H o w e v e r ,  t h e  d o m a i n  o f  v a l i d i t y  ol t h e  s o l u t i o n  c a n  
b e  e x t e n d e d  by  l e t t i n g  /A:’s to  b e  c o m | ) l e x .  C o m p l e x  r o o t s  Id. o c c u r  in c o m p l e x  
c o n j u g a t e  p a i r s .  ' I 'h is  p r e s e r v e s  t h e  r e a l i t y  of  /'7 w h i c h  is t h e  s u m  o f  all r o o t s  
( 2 .2 4 ) .  S u c h  c o m p l e x  c o n j u g a t e  r o o t s  o f  t h e  s y s t e m  a ls o  p r e s e r v e s  t h e  r e a l i t y  of  
t h e  w a v e  f u n c t i o n  for t h e  m o d e l . * '  N i ' v e r t h e l e s s ,  t h e  e x i s t e n c e  o f  c o m p l e x  r o o t s
limpiar 2. Supcrcoiuhiciiviiy in aliinsnmll gnúns 2()
o f  ( 2 .2 5 )  c lcpc iul  il|)()ii i l i c  s L a i r  ol Uic a^'sl.ciii a.ii(l ca.li i toi  ca.sily b e  ii'ea.l,ed iii a. 
ge l ie r aJ  wa.y. B e i o w  we will d i sc i l s s  coiivriiic'iil.  a . | ) | ) foachcs  Ibr . solving I,lie .sel. o f  
e o n p l e d  e(|Ua.(.ions (2 .2 5 ) .
I''irsl, w e  ( l isei iss (,lie .solilUoii o í  (2 .2 5 )  w Ikmi l,liei(> is lio ( legeHeía.ey o f  pail· 
e n e r g y  leve ls ,  [' 'or s i i n | ) l i d ( y  w(> l.aki' <S ('(|iia.l l.o o n e ,  I,lien (2 .2 5 )  b e c o m e s
I A'
A/ \  ■/· I y 1 I y 1 ... 2j{ t) H I
•A -  I , . . .  /V, (2.2G)
:.±l I',) I'I „ ■^ (n — I',.
w h e r e  Í2(?/.) =  I For all n except ,  Íl{ui,) =  0 For l.lu' b l o c k e d  s iaFe .  Al id  we  co l i s id e r  
(2 . 2 0 )  in t h e  Following Form:
M
;/ ='2 y / / V ; - , \ y (2.27)
./■=' .r,.f
t h a t  is, t h e  s e t  oF levels  i l ls ide  t l i e  she l l  a.rc' n u m b e r e d  Frolii 1 to  M., i l lstea.d oF —U{ 
t h l ’o i l g h  11,2 . [ Jeca l i se,  shiFt  oF all s i l igle pa.I t i c h '  e n e r g y  leve ls  by t h e  s a í n e  a lnoUI l t  
a n d  shiFt  oF a.ll /t',; by t w i c e  t h e  s a í n e  a i n o i m t  lea.ves t h e  s^^stern oF e( | i ia. t iolis (2 .2 0 )  
u n c h a n g e d .  T h i s  s i m p l i f i e s  t h e  p ro c ed i i r i ' .
A t  SOUK' va.IiK's oF A, (l( 'p( ' l idil ig a.Iso u p o n  t h e  s ta . te  i l i ider  c o l i s id i ' l a t i o l l ,  
s i ngu la , r  p o i n t s  oF !'’/((. 2 .20  o c c u r .  A t  s u c h  s i i ig n l a r  p o i n t s  t h e  r e s t r i c t i o n s
I a 7  ^ I'yj, id, i 7  ^ j  ( 2 .2 8 )
a r e  n o t  s a t i s f i e d .  ' I ' h e sc  s i n g u l a r  p o i n t s  oF (2 .2 0 )  á l e  i .solated v a lu e s  oF X. As  
we  disc.ns,sed a b o v e ,  w h e n  t h e  r e s t r i c t i o n  (2 .2 8 )  is n o t  sa. t isf ied,  t l i e  r o o t s  a r e  
c o m p l e x  c o n j u g a t e  c o u p l e s .  A t  a. s i n g u l a r  p o i n t ,  no  In o re  tha.n t w o  r o o t s  ca.n be  
ecpia l  a n d  t h e s e  t w o  eipla.l p a i r  é l i e r g ie s  i m is t  be  e(|na.l to  s o m e  v a l u e  oF 2c„, =  2 n  
w h i c h  a p p e a r s  oil t h e  r i g h t  h a n d  s i d e  oF (2 .2 0 ) . ' ’” ''’'’ A c t u a l l y ,  t h e  s i n g u l a r  p o i n t s  
a r e  tho.se a.t w h i c h  t w o  d i s t i n c t  r o o t s  b e c o m e  t w o  c o m p l e x  c o n ju g a . te  p a i l s .  T h i s  
b e h a v i o r  is pictoria.l l ,y s h o w n  in Tig .  2.7.
'T he  d e s i r e d  r o o t s  I'X For t h e  g r o u n d  s t a t i '  s h o u l d  s a t i s f y
I ill! Ei — 2i, i = 1,__ N,
.\-*o
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Figure 2.7; H nl i av io f  o f  Ilır, rool.s o f  RS f o r m u l a  - i ioii-dcgcUeiaio.;  c a s e  
For  even N ( a ) ,  all ro o ts  a r e  wiKI.eli as |)a.iis (2..'U)). M  the  righl. side of Idle rra.lne 
a.re show n.  'I 'he d ivergence is seen lor idiree u p p e r  inosi, couples .  Al. idie diveigeiil,  
p o i n t ,  roo ts  becom e  com|)lex.  Below this  d ive rgent  poin t  they  a r e  real.  W h e n  N is odd  
( 1))^ /V _  1 roo ts  of  (2 .26) a re  w r i t t en  as pairs ,  and  one  r e m a in ing  ro o t  ( t h e  lower m os t  
roo t ,  A’l.s) r ema in s  real for all A. Here,  the  s t i a i g h t  lines a re  of  (2.:M)), a n d  roo ts  /'A: 
a.re sh o w n  by lines with d ia m o n d  (o) symbol .
t h a t  is,  ill t h e  i i o i i - in te r a .c t iu g  s y s t e m  t h e  lo w es t  N l eve ls  a r e  o c c u p i e d  b y  N p a i l s  
w h i l e  leve ls  N d- I t h r o u g h  M a r e  u n o c c u p i e d .  W e  so lv e  (2.2G) w i t h  t h e s e  “ in i t i a l  
c o n d i t i o n s ” (2 . 29) .  W e  a t t e m p t  to  write '  (2.2(i)  in t e r m s  of  real  v a r i a b l e s  i n s t e a d  
o f  c o m p l e x  var ia .b les  /'A whicf i o c c u r  a t  u n k n o w n  v a l u e s  ol A. I 'or t h i s  a.iui,  we  
m a k e  a  c h a n g e  of  v a r ia b l e s .  S i n c e  c o m p l e x  /A a p p e a r  in c o m p l e x  c o n j u g a t e  p a i r s ,  
w e  c a n  w r i t e  t l i e se  c o m p l e x  p a i l s  as
/'AfV-t — i<v ~  i-Vni ■— C<y d '  iVoi
(\' — I , . . . ,  Np^
w h e r e  6 ,. a r e  re a l ,  ?/„ a l e  e i t h e r  real  o r  p u r e  i imig i l i a ry ,  a n d
N .Np =  — , lor  ('V('ii N,
Np -  h>·' ^>dd N,
a/)/,e r  Ί. Sií¡)or(:oli(liicUvil.y ¡n till.insiim ll grains 28
I,bal.  İr /V p a i r s  аіч' wriU.oh in N/2 го і ірЬ'н o f  p a i r s  vvliidi аГп all c o l i lp lox  
co n ju g a l , n s .  ІГ I,horn is olu:  nx i . ra  /'/',■ vvliicli c a n  h a v e  no  c o l n p l n x  c o n ju g a l , c  p a i r ,  
il, is rea l  iusl.nacl o f  b e i n g  c o m p l e x
I'^ N =  (.N- (2..32)
W e  o b i a i n  l,be i r a n s r o r m e d  sel, o f  e ( |ua l , ions  by  (4(iial,ing rea l  a n d  i m a g i n a r y  par l. s 
o f  ( 2 .2 5 )  aCi.er sid)sl ,i l .ul , ing i.lic ik'w I 'orms оГ /'y'p (2.,'Ю). W e  c a n  o b i a i i l  l,lie s a i n e  
re,still, by  l e U i n g  г =  2 rv a n d  i — 2a· — I a n d  c o n s i d e r  I,be s u m  a l u l  (ІКГеГеПсе of  
e ( |na l , io ns  (2 .2 5 )  lor  ibe.sc l,wo v a b k ' s  o f  T i n s  ΓηιΊ,ΙιηΙ’ p r o v e s  l .bat  l,be e(piai , iol ls  
w e  ol)l ,ain a l e  іч'аііу ( o r r e s p o l i d i n g  l,o (2 .2 5 ) .  I 'or e v e n  n u m b e r  o f  p a i r s  /V, l.lie 
r e s u l i i n g  sel, o f  c o u | ) le d  e q u a i i o n s  is:
I ^ Ä  (n.. ( y  +  4  + ■<;',) _  "  i i ( » ) ( 2 . i  -  ^
X {/■'). i ·)  ^ λ 9 9 ('9ri — C J- ri'2 ’[ ß^,y ·\· n'ß-V v j )  ”■=' (2«  6 v)
/ѵ„
í/lv -  n'ß -I-
I K ·  Σ
Л/
Σ  t; ;
П ( п )
= 0;
(i/l.· d- Vß -I- η'ή -  'bffßil (2?'· - ξο·Υ +  Vi,
І , . . . У Ѵ „  {N„ =  N/2),
w h e r e
a n d  for o d d  n u m b i ' . r o f  p a i r s  /V
Cfln Cß in
Nv i/kv (i/4,v "b Vfi d- '/«) (^ /v„.
+  2 —Г-  d- d Σ
P^ ·’'· {Q o- +  Vß +  По) - '4 ß V l  İ N n d - î /„ .
_  ^  ü ( » . ) ( 2n - 6 „) ^  ^ 
( 2?), -  i « ) “*-b ?/2
I _p /i,.'«! У"____ _______________-p 2_______
p^ <^  {Υβα d- Vfl d - vfYj  ^ -  'WflVl
Z _ - y  / f i
u (2u. -  6 v ) ' - b  î/2, 
r v =  І , . . . Л / , „  {N„ =  { N -  l ) / 2 ),
(2.,'И)
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A
N,,
E Í./IN
M
p (pN Vp
Z r ,
Щп)
I I —  I 2n -  ^/v
0. (2.:55)
T l i o  i l n p o l i a l i l ,  aflvaiil .ago'  wo g a in  in I,his l . i a n s r o n n a U o n  is U ia i ,  I,h e r e  is o n l y  ijl 
i e r r a s  in (2..'53) a n d  ( 2 .3 5 ) ,  n o i  ' I 'his  i n n s i  l)c so  a c i n a l l y .  I3cca.nse a.ny 
d i a n g o  in s ign  n u ' a n s  | ) c r r a n i i l i g  /'/■¿„ .i n.iul /Ai,,·, w h i d i  l e av es  i l i e  e q i i a i i o n s  
(2.2G) n n d i a n g ( ' d .  ' I ' Ik ' v a i l a h h '  is piirc'  i m a g i n a r y  (or valiK^s of  A h'ss  l.lian 
i l i e  u n k n o w n  v a l u e  o f  i i  a i  wliieJi s i n g n l a r i l y  o e c n r s .  A i  ib i s  s i n g u l a r  p o i l i i ,  7/f,. 
b e c o m e s  re a l .  H e n c e ,  ?/ ,^ d ia n g ( \ s  i is  s ign  Ггога m i n u s  i o  p lu s  w h i l e  c ro.ss ing i h e  
s i n g u l a r  p o i n i  o f  A f r o m  s m a l l e r  va lu es  io  l a r g e r  vallKis. 'Ph is  m e a n s  i h a i ,  be lo w  
i b i s  s i n g u l a r  po i l i i ,  1 'у2(у-\ f' lid /'/b,,. a i ( '  d i s i i n c i  a n d  rea l ,  a b o v e  i h e  s i n g u l a r  p o i n i ,  
i h e y  a r e  c o m p l e x .  'Ph is  i r a i i s i i i o n  o c c u r s  a i  i h e  s i n g u l a r  p o i n i  w i i h  ?/)(. =  0. 
'Ph i l s ,  s ince'  are'  real  by ele'iiniiie)n, P'/ejs. 2.3.3 aiiel 2 ..35 are^ all in ieu ins  e)f reuil 
e | i iani i i ie 's .
W l ie l i  we  liiakei i h e  e h a n g e  e)f varia.ble's as in ( 2 ..Ю), wc- ele'e iele> e)li whieJl  /'A: 
a r e  ge)ing l.o b e  e' .oinplex c o n j t l g a i e  p a i l s  aliel w h i c h  a r e  i h e  Ге.'а1 o n e  ( i f  N is ек1е,1). 
'I’he^.se che)iee;s a.re ele)iie in i b i s  ma.n iie r  bex a.il.se' e)f i h e  bediav io r  е>Г i h e  Гое)1,.ч w i i h  
re;spe;ci I.e) A whie·h a r e  s imwii  in P’ig. 2.7.
Ne)ie iha.i ihere are siill diveigeiiex'.s in Hejs. 2.33 a.nel 2.35. 'Phe;se diverge Ilexes 
oe-.ciir ai =  2n for some anel simuliane'onsly ?/„ beex)mc:s zero. In e)ider io 
ieme)ve ihe'se elive'igeliex's, we Ina.ke' a.lieil.lie'r e liaiige' of variable's, bed. Us eonsieler 
ihe shifi e)f from iis va.Iue a.i A — 0 whie li is ■'lev — I aliel elelmie ibis shifi by Xf,:
6 v = d O' - Xy ev l , . . . , / V ,
l''re)ln P'ig. 2.7, i(. is sexui l,ha.l., ihe' elive'rge'iiex' eiex'iils a.I. .'i.·,,. =  — I. Al. ibis sa.me 
value of A, ijl is eepial io 7,ero, and ihen il. e hanges sign, tu order io faed.or oui 
ibis beliavior fioni ?/„, we inirodnex' a new variable y„ which is defined by
■ 7 o . - - ( I  - (2.:l7)
li is dearly  se'eit ihai y„ will be« peisiiive'. Ib'e-.aiise, when xd is levss ihan I, yl 
is iK'.gaiive, and while xl, is larger iliaii I, is pe>siiive. Moixxm'.r, nilinerical
chapter 2. SiipcvcorKhictivity in iiltrasniaJl giaains :io
|·('Rlll(мS s h o w  l.hal, is a  slowly/ valyiii,i>; rimcl.ioli o f  A. WIk ' i t  w r  slil)si.il,iii('  
a n d  (2.:{7) ill (2.:{:5) a n d  (2.:{5), all .c r SOUK' i m in i p l i la i i o l i s ,  fo|· e v e n  N we  o b i a i i i  
Idle fo l l o w in g  eq l i a i i o l i s :
i  ^  yp +  Vo) :'-n.( I - h l « ) ( d i  -I- d2) -I- (1 -  ?y„)(d| -  r/2)
fiCy {Cf)„ \^- >ifl +  v l)  ~'Wfyfo
j 2  -  6 v) ^
(I - ? / o P - ( l
njt2a,2(\ -\ d- ?/o·
(I  h x D ic h  + r / - , - 2 )  +  ( l  -  . r ; t ) ( ( l  -  r/| -  d2)vl -I- 1) +  2.-i:..,v^(d, -  d,)
(I -  ic V  -  r i i U -
_,,2 ■
^  {2n -  -I· vl
— 0; (V — I , . . . , 7”
7i7^2cv,2n'— I
w h e r e  r/| =  i 2( 2rv) a n d  r/2 =  i 2( 2rv — I) ,  a n d  (dr o d d  N
iCy [(pa -I- 4  d- 4 )  :IV,.( I + ?/„)(dl +  d,) -I- (I -  2/„)(d|, -  d.2)
-  +  d E
^  ycy {Q „  -I- vj, -l· v'fy) '  -  d vfpd ( I - t y „ ) ^ - ( N - . v „ ) M
4 - 2 ^
^Kn){2n -  i , )  _
Cn„  d- 4  n^2aM-\ “  ^ "4  4- Vo.
(1 4- x'i) (dj  -I- d,2 -  2 ) +  ( I -  x l )  ( ( I -  d |  -  d2 )y l  -|- i ) -|- 2x„yl{d\ -  dg)
{ I -  Ho )'^  -  -Cyi I -h y<4
■U,ll E  .......... +  2 -
Pii<y { ( 4  d· 4  4- v'f,y -  m v }  ( i ,„  d- 4
n ( n )
'^"'„.^2^ 0 -1  ( 2 7 ' . - 6 v ) ' ' d - V , ^ .
7  =  0; O' =  I , . . . , AfP'1
(d ' l i e  Iasi, e q u a t i o n  o f  t h e  s e t  o f  e ( |U a t i o n s  foi- o d d  N  (2 .3 5 )  10103.1118 unc l ia .nged ,  
s i n c e  for t h i s  e i j i i a t i o n  t h e r e  is no  s i n g u l a r  p o i n t  e x c e p t  A =  0 .) In t h e s e  eq u a . t io n s ,  
4  a n d  7/fv ai(i  re la t(k l  to  x „  a n d  ?/„, hy  (2 .3 6 )  a n d  (2 .3 7 ) .  W e  se e  t h a t ,  l'A|s. 2 .38 
a n d  2.3i) arc; n o t  divaUgi ' l i t  a t  x „  -  -  I, for whic h (2 .3 3 )  a n d  (2 .3 5 )  w e r e  divc' lgc' l l t  
b e f o re .  H e n c e  we stlcccxidcxl in t a k i n g  o u t  t h e  d i v e r g e n t  b e h a v i o r  o f  t h e  s e t  o( 
e q u a t i o n s .
(Jluipter 2. StipeironducUvity in ii l i ia s iiu ill grnins :U
N i i t nc i ' i ca l  im p I c l n c i i i a L i o n  o f  a  ro o f  i i i id ing  a l g o r i i J i l n  for i i iu l in g  i b o  r o o f s  of  
fi l ls  s y s f o m  of  lion· l i n e a r  coUpled  ( ' ( | i iaf ioi is  is <liscilssed ill A p p e n d i x  A..‘5.
In fire degeneii i . I .e e a s e ,  f l ie  ro o f s  a i ( '  wrif l .ei t  as  c o m p l e x  e o n j n g a f e  co i lp le s  
as  b e f o re .  H o w e v e r ,  f i le d i v e r g e n e r '  s f a r f s  a f  Л =  0, f l i a f  is, all  I'd a.re c o m p l e x  
f r o m  f i le  b e g i n n i n g  ( l o r  l ion-d ege i ie r a . fe  r a s e  roo f s  w e r e  b e c o m i n g  c o m p l e x  a.f 
s o m e  vaJn e  o f  A w h e r e  A 0. R.onglil}· sp r ' ak i l ig ,  r o o f s  a l e  “ bolMi” in p a i l s  
for d e g e l i e r a f e  case' ,  w h i l e  f h e y  “ fo i l c h ” r'acli o f l i e f  in so l i ie  l a f e r  “ f i l i i e ” for nol i -  
d e g e i i e r a l . e  ca s e ) .  If f lu '  nillilbr'l· o f  l(' |■mion p a i r s  (A^) is o d d ,  fin' ll  o n e  o f  f h e  ro o f s  
is rea l .  I b ' l i a v i o r  o f  ro o f s  for f lu '  d e g i ' l u ' i a f e  ease' w i f h  ('.veil a l id  o d d  liri li ib( ' r  o f  
pa.irs is s h o w n  in f ' ig .  2 .8 . ' f’l ie ev e n  c a s e  is a. lniosf s f r a i g h f  f o r w a r d ,  s i n c e  d o  
n o f  c r o s s  ('a.ch o f h e r .  H o w e v e r ,  for fl ie orld c a s e  we  liec'd fo c o n s i d e r  f h e  sol l lf iol i  
in d i f f e r e n f  fo r m  in d i f fe re l l f  rr 'gioiis.  h'or ( 'xa .mple ,  w h e n  A is ill f h e  f i lsf  Vr'gioli 
w h e r e  Z'/'/v is glr 'afr ' l '  fha.n all I'd
-2N„
Cn -■ 2
d
f  I -|- ,T/v, (2 .4 0 )
a n d  Z'y'/v =  W h e n  /'Z/v c.ros.ses I,In' firsl. ro o f  rigid, b e lo w  if, ifs fo rm  is d i a l  
fo
i /v =  2
2N„
d
-I- I -- I +  .-r /V, (2 .41)
h e n c e  ill g e n e r a l ,  f h e  roo f  /'Z/v ca n  be  wlifl.r' li as
A'/v =  <f/v
(/V =  2
2N„
4  I — Z;) 4  :>'N
d
, 2N„
Ли(1 a.s ЬоГогс, Uir Irliiiiitiilig rool.s will Im· <,)m|)lcx coiljtigal.,' (х)И1>1гя
( 2 . 4 2 )
l*‘'2fv~ I Av
I'l-Zn =  io  4- Z//,,.,
w l i e r e
6 v -  2
2cv
d I- I 4- .Гг
(2 .4 4 )
lor 2. Sııpcrcomhıctivİty in ulimşnmil gmiiıs n
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F î g U t ' e  2 . 8 :  Mcl ıav ior  o f  İl iç l o o i s  ol KS (o r in l l l a  - ( loul) ly d c g e l i c r a i c  c a s e  
l'(>r evcil N ( a ) ,  al) roolnS are  complex  coi i j i igale pairs  (2All), aiul (2.44)  a r e  p loUed 
wi th respec i  io A. Wlie.li IM is odd  (I)), as in (.lie noh-degenera l .e  case,  N -  I I’oo i s  
o f  ( 2 .20) become  complex  colijilgal.e pairs,  resii l i ing in {N  -  l )/2  couples.  And one  
r e m a in in g  root, (P]2 \ shown by a  da rk e r  solid line) rema ins  real for aJI A. tn (b ) ,  we show 
t h e  first th r ee  regions w he re  we Used th ree  difrereiit  forms of  Ç^j\ı. Silch a  pa.rtitioU into 
regiolis increa.se the  c o m p u t a t i o n a l  efliciency, since (,he desired u n k n o w n s  .r ·^ (2.42,2.44) 
rema.in of  th e  s a m e  o rd e r  t h r o u g h o u t  all values of A.
wli icl i  g iv e s  i b e  c o r r e c t  groıliKİ s t a t e  for non  i n t e l ' a c t i n g  l i m i t  (A 0).  W e  
s u b s t i t u t e  (2 .4 2 )  a n d  (2 .4 4)  i n t o  hAjs. 2.:V\ a n d  2 .35 ,  a n d  o b t a i n  t h e  s y s t e m  of  
c o u p l e d  Uon-l i iK'ar  e r p ıa t İ o n s  goven u i n g  t lu '  d('g(Uiera.te s y s t e m .  İt  is Hot p o s s i b le  
t o  remov(^ t h e  d i v e r g e n t  In d ia v io r  of  t lu '  s(4, o f  ec jUatiolis  by a  Uew cliangc^ of  
v a r ia b l e s .  H i e r e f o l ' e ,  to  find t l ie  dc^sired ro o t s ,  we Use a n  e x t r a p o l a t i n g  scl 
a n d  “j m n p ” o v e r  t h e  d i v e r g e n t  p o in ts .
Chapter 2. SupcrcoiHİucUvity hi iilirasmall grains
2.4 Results
W e  p r e s e n t  o u r  n u m e r i c a l  r e s u l t s  in t w o  snbsr 'c l . ions  b e low .  F i r s t  we d i s c u s s  t h e  
n o n  ( legenera . te  ca.s(' a n d  t h e n  lo cu s  on t lu '  deg(Miela.te ca se ,  h'or c o m p a r i s o l i ,  we  
pre , sen t  r e s i d t s  b o t h  o b t a i n e d  l\y s o l v i n g  t h e  s<'t o f  c o u p l e d  e ( ( u a t i o n s  (2 .2 6 )  (IbS 
f o r m u l a ) ,  a n d  w h e n e v e r  p o s s i b h ' ,  by c o n s t r u c t i n g  a n d  s o l v i n g  t h e  i l am i l to M ia l i  
( 2 .2 7 )  e x a c t l y .  I lowc 'ver  t h e  l a t t e r  appi 'oa .ch is l i m i t e d  by t h e  bvlge m e m o r y  
r e r p n r e m e n t s .  W e  presrud,  s i m i l a r  r e s u l t s  in sol iui  r e c e n t  Works o f  o i l r s . ' ’ '
2.4.1 Non-degenel:ate casfe
In h'ig. 2 .9  w(! plol. Д | , ’" * / Д  vcnsiis <S/A {m =  1 , 2 )  for s ina. l ler  va.lU(is o f  l evels  M 
co ld .a i l i ed  in t h e  she l l  a b o u t  t l u '  I ' e rm i  lev(d. I 'or t h o s e  va.lues o f  M w e  p r e s e n t  
t h e  r e s u l t s  o f  t w o  a,ppl 'oa.ches on  s a n n '  p lo t s .
O u r  r e s u l t s  a.re in g o o d  a g r e e m e n t  w i t h  l i t e ra , tu re . ' ' ^ ’'’ ’ Ill t h o s e  m e n t i o n e d  re f ­
e r e n c e s , a u t h o r s  so lv e  t h e  p r o b h ' i n  (exact ly  by  c o n s t r u c t i n g  a n d  dia.gonaJ i /d i ig  
t h e  m o d e l  H a m i l t o n i a n .  H o w e v e r ,  1.1к\у fac('  t h e  s a m e  p r o b l e m  of  l i m i t e d  m e m o r y  
spa.ee,  as  well .  ' I’y p l c a l l y  Â4 20 is an  U p p e r  l i m i t  for e x a c t  d ia ,gona . l iza t ion  
s c h e m e .  In tlia.t ra.nge o f  M val iu ' s  we a r e  in ag lxxUnent  w i t h  t h e m .  H u t ,  for 
l arg( ;r  va l ik ' s  o f  Д7, s o l u t i o n  o f  w h ic h  a.Ix' i m p o s s i b l e  l)y dia.gona.l iza.t ion s c h e m e ,  
by  s o l v i n g  (2 .2 6 )  we  f ind intelxxst ing b e h a v i o r s  w h i c h  w e re  Hot s(xilt b e f o r e .  W e  
p l o t  Д 1 ”' 1 / Д  v e r s u s  6/A  in F igs .  2.10  a n d  2 . 1 1 for Im ic h  l a l g e r  valiKxs o f  M . In 
l.he Д 1, ^ / Д  v e r s u s  h/A p lo t ,  instea.d o f  a  s t ix u ly  dec l( 'a .se  t o w a r d s  A , , / A  =  I as  
S/A —y 0 we  o b s e r v e  a. m i n i m u m  a r o u n d  S/A ~  O.-l a n d  t h e n  a n  ilicrea..se t o w a r d s  
A,,/A  I as  (S/ Д  —> 0. O u r  r ( ' su l t s  for l a rg e r  vabi(;s o f  Л7 a.le in e x c e l h ' l i t
a.grc'(4n e n t  w i t h  t h e  a . . symp to t ic  r( 's(i l ts (2 .2 ) d i s c u s s e d  by  Ma. tv( 'ev a l id  F a r k i n . ' ’ ' 
W e  | ) lo t  a . . sy m pto t ic  r(!sults in h'lgs. 2 .10  a n d  2 . 11 for c o m p a , r i s o n .
2.4.2 Degenerate case
A s  i t  lias b( ' en m e n t i o n e d  e a r l i e r  for c e r t a i n  e n e r g y  s p f i c t r a  a n d  m o r e  g e n e r a l l y  for 
l a t t i c e  s y m m e t r i ( ' s ,  ( ' i i eigy  levels  a r e  s t r o n g l y  (h^ge l le rate  П(хгГ t h e  F er in i  en e rg y .
¡hapter 2. SupercaiuhtcUvity in ill/,ra.snla.il graJh.s M
Fig tlfe  2.9: vcisii.s <S for iioii-flegeiu'iaic cas( ’
(a) M = 7, I 1, 1Г) (Voiil l)ol,l,oi)i I,о l.o|), (l>) M — 7,9, i I, 15 IVom l)ol,lioni l.o l.o|>. hi 
l)()l;li j)lol.R, wo (loiK)l.(  ^ I,ho oxacl. diagoııalizalinıı losiilhs by (li;unoii(l (o). Wo obsorvo a  
sl.Oculy (lecroa.so ol'l.lio airvos (br Ap  ^ ili (a), wliilo, Uic ciirvo.s in (b) makos a. n tiiiiiiK ilii 
ai. S/A 1.5.
I^x|. 2 .2 5  b<as a n  a l t a l y l i c  sol i l l iol i  lof  a  s i n g l e  (/—fold ( leg e n e la . tc  level. '*'  Ill Uiis 
e a s e  wil l )  o u r  n o l a i i o l i  iic =  0 a n d  i l i e  g r o u n d  s l . a le  e n e r g y  m e a s u r e d  (Vom Uie 
I ' e r i n i  l eve l  is givtni  by
¡,;{2п) ^ 2¡Me -  '--N[(1 -  /V -f- I], N = n/2, 
(I.
;(2»+i) ^ 2Nc -  N^¡{<1 -  I) -  W + IJ, Af = n/2, (2.Г5)
w h e r e  N is i l i e  n u m b e r  o f  h a r d c o r e  bo,s(' | )arl . ide.s,  a n d  c is t h e  e n e r g y  m e a s u r e d  
f r o m  t l i e  I ' e rm i  level .  I l l o c k i n g  e i r e c i  is l,ak('ii i n i o  c o n s i d e r a l i o l l  id l.he s e c o n d  
l in e  o f  (2 .4 5 ) .  VVe c .a lcu la le  (.he fo l lo w in g  pari l .y  p a r a m e l e r s
^(even) _  i;y{2n+l) _  }_yr{2n) |_ j-j{2n+2)j
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V ’M
(VA
i ’i g U l 'e  2 . 1 0 :  Л | , 0  vi'isils <S lor itoii-dogcilioral.c case
h4 — . 'U,6 l,  i ‘2 l , 2 4 1 , 4 8 1 ,7 0 1 ,  lOOl f rom bol.ioni I,о l.o(). A s y in p lo t i c  restlll;'*’ A| ,*^/A ~  
I -  \/T[A ex|) ( - 2 т г 4 / А )  as S/A —>■ 0 is ploU.r'd in I,he inset .  We oirserve a  l)ebavior 
wli idi  was no t  observed  before with smalle r  /V/ vabies. A , W ^  lna.kes A iriininuilri a t  
a.boilt f)/A ~  0.4,  and  tliriis lip aga in towa.rds I as Д /А  0.
д(тЫ) _  _ l , ’{2n) _j_ _J/,;('2»-l) _|.
l l y  s i i b s i i i l l i i l i g  (2 .4 5 )  i n t o  ( 2 .4 0 ) ,  wo o b t a i n
/;.(2n+l)]
A{odil)
P
A(rvr.n) _
— 2 ’
\h
У  27c
(2 .4 7)
so  r.iiai
------7 =  I -b -7· (2 .4 8 )
' I 'b e s e  re s i l l t s  snggc.s t  t h a t  t h e  p a r i t y  p a r a m e t e r  r e in a J n s  n o l i - ze ro  for  a.ll i n r m i t e l y  
d e g e n e r a t e  s i n g l e  level .  C o i n p a r i n g  F igs .  2 . l 2- ( b )  a.iul (c ) ,  for  e x a m p l e  a t  6/A  — 
0 .9 9 ,  w e  f ind  tha. t  =  1 . 0 4 / 0 . 7 8  ~  l.d.'l w h i c h  is q u i t e  c lo se  t o  1 .50 t h a t
w e  w o u l d  o b t a i n  f roln  (2 .48) .  l l o w i ' v e r  for s o m e  la.rger (5 /A v a l u e  (<^/A =  10 .80 ) ,
Hiaptev 2. Sül)crcoıulııcl.ivil.y in ii If. rast nal I grains :W
F i g U f e  2 . 1 1 : vi 'rsu.s S for i ioi i -( lcget iera l,e  c a s e
M  — ' l l , 6 1, 12 1, 2 4 1, 4 8 1, 7Gİ, lo o  I rroiii bo(.iom l,o top.  We ge t  (ixcellouit agreeli iei i t  
witli th e  a s y in p t o t ic  resu l t ' "  ~  I -  fi/2A a.s fi/A —> 0. We obse rve  a  iriiniiiuiin
which was also re p o r t ed  by o t h e r  authors'*^·'* * bel'ore.
we  o b t a i n  =  2 . 9 0 / 1 .!)! ~  1 . 5 1 wbic l t  is e v e n  c l o s e r  t o  c o r i e s p o t u l i i i g
v a l u e  for s i n g l e  level  s p e c t r u m .  Note '  t h a t  the'  r a t i o  (2 .4 8 )  is a p p l i c a b l e  for t b r e e  
s u c c e s s i v e  c o n f i g u r a t i o n s  w l i e l e  c l i e m i c a l  p o t e n t i a l  d o e s  not sliil 't. ' I 'be re l 'o re ,  lo t  
e x a m p l e ,  in t h e  d o u b l y  d e g e n e r a t e  ca.se for A j / ^ / A b b  t h i s  irvtio is Dot va l id .  In 
fa.ct w h e n  a  s h i f t  o f  c h e m i c a l  p o t e n t i a l  o c c u r s ,  we  o b t a i n
a ;/)
Ai'^
Г), a t  (S/A ~  10,
for t h e  d o i d ) l e  d e g e n e r a t e  case .  It  is i n t e r e s t i n g  t o  n o t e  t h a t  for t i l e  Jion- 
d e g e t i e r a t e  c a s e ,  w e  o b t a i n  А Ь ) / д (/) ^  5  ^ | qo ' j ’l ius,  we  c o n c l u d e  tlia.t ,  e x i s t e n c e  
o f  d e g e n e r a c y  c a n  b e  o b s e r v e d  in e x p e r i r n e i d , s  via. t l i e  r a t i o  o f  A, ,s .  If  t h e r e  is
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F i g U l r e  2 . 1 2 ;  Aj,”d  v e r s u s  6 for  d o u b l y  d e g e U e f a t e  ca.se 
M  =  4 1 , 5 1 , 6 1  f rom to|> to  b o t t o m  in (a )  a n d  (c) ,  whi le f rom  b o t t o m  tb  to p  in (b )  a.hd 
(d) .
l a r g e  d i lTerer ice in all s u c c e s s i v e  Apj  tdien Uiis t n o s t  p r o b a b l e  is a, s i g h  o f  h o h -  
d e g e h e r a c y .  H o w e v e r ,  if t h e r e  is h o t  she l l  a  d i f f e r e n c e  for  a l l  A p ,  t h i s  is a  s i g h  
o f  d e g e n e r a c y .  M o r e o v e r ,  l eve l  d e g e n e r a c y  c a h  b e  p r e d i c t e d  b y  o b s e r v i n g  t h e s e
A / s .
Chapter 3
Contraction Mechanism of High 
Temperature Superconductivity
H i g h  i e m p e r a t t i i c  s i i p e rcon ( l i i c i iv i l ,y  in Uin l a n i h a i i u m , ” y i i l i i l n i *' alicl I 'daLed 
c o p p e r - o x i d e  c o m p o i l n d s  (emaii iK a  su l ) j ( ' c i  o f  i n i e n s i v e  ilive.4l,iga,iioii a n d  
(X)liii 'overRy. I(. w a s  s u g g e s l e d  l l i a i  ( ' l (x l . ron-p l to i ion  inl .eiacl. ioli  m e c h a i t i s i n ,  
w h i c h  is v e r y  s u c c e s s fu l  in u n d e ts l . a .n d in g  o f  c o n ve nlu o i ia l  ( “ low l , e m p e ra . i i i r e ” ) 
s u p e r c o n d u c t o r s  w i t h i n  t l i e  id ard e e i t - ( lo o p e r - .S ch r ie f f e r  s c h e l n e , ’ Iriay h o t  h e  
a d e c lU a te  for h i g h - 7 t  c u p r a t e s ,  a n d  ev e n  t h e  c o n v e n t i o n a l  1' 'еГпи licplid m o d e l  
o f  m e t a J l i c  s t a t e  m a y  rec(nire [ ( ' c o n s i d e r a t i o n .  ' I 'h is  o p e n s  a.li a r e a  Гог 
i n v e s t i g a t i o n  o f  m e c h a n i s l n s o r e h x  t r o l i - i ' h ' c t r o n  i ldxMact ion w h i c h  ca.n h e  r e l e v a n t  
in n n d e r s t a . n d i n g  p( ' .culiarit i( is  o f  s U | ) e r c .o n d u c t i n g ,  as  well  as  norma.1 s t a t e ,  
p r o p e r t i e s  o f  c i lpratc is .  ЯресаПс t(> a.ll o f  t h e m  is t h e  e x i s t e n c e  o f  o x i d e  o r b i t a l s .  
B a n d  c a l c i d a t i o n s ' ’'*’''’·'’ s u g g e s t  l .hat  h o p p i n g  hetwecrn t h e  o x y g e n  Pr,p,/ o r b i t a l s  
a.nd b e t w e e n  t h e  c o p p e r  г4-2_у2 o r b i t a l s  m a y  l>e of  c ,om | )a ra l ) le  P i a g n i t u d e .  O n  tin,' 
e x p e r i m c n t a i  s id e ,  s l ) e c t r o s c o p i c  s tu d ic ' s '  ’’'’'' c h ' a r l y  s h o w  t h a t  t h e  o x y g e n  b a t i d  
a.ppea.rs in t h e  s a m e  rc^gion o f  o x y g e n  c o n c e n l , r a t io n  in w h i c h  s u p e r c o n d u c t i v i t y  
in cU|)ral , es is t h e  s t r o n g e s t .  '1’1|егеГоге tl ieix'  exisl .s  a  p o s s i b i l i t y  t h a t  s | )ec i i i c  
f e a t u r e s  o f  o x i d e  c o m p o u n d s  It iay l)e r e l a t e d  t o  o x y g e n - o x y g e n  h o p p i n g ,  o r  to  
t h e  i n t e r a . c t i o n  betwcx'i i  t h e  (X)|)per a n d  t h e  l o t a t i o h a l  p,, — p,, (X)l lect ive iruxhis.  
If t h e  o x y g e n  h o p p i n g  is s i g n i f i c a n t  t lu' i i  if. i m i m x l i a t e l y  fol lows t h a t  i n t r i n s i c
:I8
apter -I (Jontiaciioit Mcdiauisin ol Uifrh '¡cmpcraitm; Suj)cvcoiuhictivil,y .‘{9
o x y g e n  c a n i ( ' r s  o x y g e n  hol( 's)  kIioiiIcI h e  d i f r e l e n i  IVoin l.lie i n o i e  I ' ami l iaf
g e n e t i c  .s-orl)i(,al de t ivec l  iUneian I ,  c a n  i(MH. 'Mui d i f r e r e n c e  is r e l a t e d  l,o low a l .oi tuc  
n i i m l ) e r  o f  o x y g ( m  s n d t  ilial, r e m o v i n g  o r  a d d i n g  o n e  e l e d . f o n  io  a t o m  i t id l ices  a  
s i d j s t a n t i a l  d i a n g e  in t h e  ( j o n l o m i)  field lu ' a r  t h e  r e m a i t r i n g  ion  a n d  t h e i e f o r e  
r e s u l t s  in t h e  d i a n g e  ol t h e  eiFec tivc' r n d i u s  o f  a t o m i c  o r b i t a l s  n e a r  t l i e  ibti. T h i s  
wi l l  s t r o n g l y  inf l i ie l ice t h e  h o p p i n g  ; i .mpl i tnd( '  In ' twee li  t h i s  a t o m  a n d  t h e  a t o l n s  in 
i t s  n e i g l i b o r h o o d .  S u c h  “orbita.1 c o n t r a c t i o n ” e i r e c t  r e p r e s e n t s  a  s o u r c e  o f  s t r o n g  
i n t e r a c t i o n  w h i c h  d o e s  Hot s i m | ) l y  r e d u c e  to  t h e  C o u l o m b  (o r  p h o n o l i )  r e p u l s i o n  
(o r  a t t r a c t i o n )  b e t w e e n  t h e  charge '  c a i r i e r s .  It w a s  s u g g e s t e d  by  H ir s c h  a n d  c o ­
a u t h o r s , ' ’' a n d  by  t h e  p r e s e n t  a u th o r s * ’*’ *”*’**'^  t h a t  t l i c  o c c u p a t i o n  d e p e n d e n t  
h o p p i n g  ca.n h a v e  r e l e v a n c e  to  t h e  a.ppc'a,r a n с e  of  s u p e r c o n d r i c t i v i t y  in h ig h-  
t e m p e r a . t u r e  o x i d e  c o m p o u n d s .  In t l i is  C h a p t e r ,  we  will i n v e s t i g a t e  t h e  g e n e r i c  
o c c t l p a . t i o n - d e p e n d e n t  h o p | ) i n g  l l a . m i l t o n i a n s  w i t h  r e s p e c t  to  p e c u l i a r i t i e s  o f  t h e  
n o r m a l  s t a t e ,  a n d  t o  t h e  (a l ige  o f  e x i s t e n c e  o f  t h e  s u p e r c o n d u c t i n g  s t a t e .
3.1 ElectTon-like and liole-like metals
T o  e x p l a i n  t h e  n nU su a l  e l e c t r o n i c  p r o p e r t i e s  o f  m e t a l - o x i d e  c o m p o u n d s ,  Kul ik*’*’ 
p r o p o s e d  t h a t  t h e  n e w  f e a t u r e s  in t lu '  ( d e c t r o n i c  b a n d  c o n d u c t i o n  s h o u l d  b e  
i n c l u d e d .  'Pi le  Hist  p o s s i b i l i t y  is t h a t  “ i n t r i n s i c - h o l e ” r a t h e r  t h a n  “ I n t r in s ic -  
e l e c t r o n ” c a r r i e r s  m a y  b e  d o m i n a n t  in c h a r g e  c a i r i e l s .  T h e  s e c o n d  is tlia.t ,  
a s s u m i n g  tha. t  i n t r i n s i c - h o l e  c o n d u c t i o n  is t h e  a.ctua.l Inecha.nisl r i  o f  c o n d n c t i o l l  
in t h e  c o m p o u n d ,  t h e  h o p p i n g  tc ' ini  c a n  n o t  b e  c o l i s i d e l e d  as  a. cons ta . l i t  vaJile 
a n y m o r e .  'P h n s ,  o n e - p a , r t i c le  p i c t u r e  o f  I,he ( ' h ' c t r o n i c  p i c t u r e  is n o t  ful ly  a.de(pia.te 
w i t h  s u c h  a. s t r o n g  d e p e n d e n c e  of  h o p p i n g  a m p l i t u d e  u p o n  occUpa.t iol i  o f  s i t e s .
In c o n v e n t i o n a l  m e t a l s  l ike  Na., t h e  I 'c' iini snr fa .ee is f o r m e d  l.),y e l e c t r o n s  
r e m o v e d  f r o m  m e t a l l i c  a to l r i s  lea.viiig b ( 'h in d  t h e  clo.sed-sllell  c a t i o n  n e t w o r k  
( N a ^ ) .  P'or t h e  a t o m s  w i t h  a l l n o s t  filled a t o m i c  sh e l l s  ( 0  is a.lso o l ie  o f  stlcli 
a t o m s ) ,  a n i o n  c o n f i g u r a t i o n  0 ^“  is e x p e c t c f l  to  e s t a b l i s h  w i t h  h o le s ,  r a t l i e r  t h a n  
e l e c t r o n s ,  c o n d e n s i n g  t o  a  F e r m i  l i ( |uid in t h e  s p a c e  b e t w e e n  a u i o n s .  F ig .  ‘{.I 
s h o w s  t h e  d i f f e r e n c e  b e t w e e n  i n t r i l i s i c - e h ' c t r o n  a n d  i l d . r i ns ic -h o le  t y p e  m e
с г -■(. ('oiif.riicUon Mccthwism o í flig il To iiipcra ítire  Suporcotultlctivity M)
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PigUl'e 3.1: liiUin.sic ('Inri,tons and holes 
Cal,ion net,work with l.he inUilisic electrons condensing to a. I'ermi li(|ilid (<a) and the 
anioii network with intrinsic, holes as a. I'erini li(|ind of positive cha.rge (h).
N o m t a l l y  sticli  a. imH:ha.li ism ol coiKliic,tii)H d o c s  Hot h a p p e n  fot  oxygcMi 
a t o m s .  Beca .nse ,  t w o  o x y g e n  a t o m s  h a v e  sl.l'ollg t e n d e n c y  t o  covalefd;  b o n d i n g  
r e s u l t i n g  in t h e  ror ma . t io n  o f  o x y g e n  I n o le e n h ' ,  O 2. l í o w e v e t ,  in a, p r o p e r  c h p n i i c a l  
s u r r o u n d i n g ,  s u c h  I r o n d in g  m a y  n o t  take'  pla.ee if t h e  n e a r e s t  n e i g h b o r  a t o m s  
a r e  n o t  t o o  c lo se  to  ea.c.h o t l i e r .  'I'Ik'Ii the' o t h e r  scelia.rio will a p p l y ,  f e i n i n i s c e n t  
o f  m e t a l l i c  o x y g e n .  VVe ma.y su p p o se '  t h a t  t h i s  is t lu '  c a s e  in t h e  m e t a l - o x i d e  
s n p e r c o n d n e t o r s .  In t h e  CuO-i  p l a n e  o f  t l u '  l a t t e r ,  d l le  t o  la.rgc io n ic  ra.dii is of 
c o p p e r ,  o x yg e i i  o r b i t a l s  a.rc o v e r l a p p i n g  a m o n g  the ln , se lves  a l m o s t  as  s t r o n g l y  as 
t h e  n c a r - s i t e  o x y g e n  a n d  c o p p e r  o r b i t a l s .  ' I ' l ien,  t h e  O 2 m o l e c u l e s  a.re n o t  f o r in e d ,  
a.nd t h e  h o le s  d e r i v e d  f r o m  t h e  / / ’ sh e l l s  a r e  to  b e  (.he i t i n e l a l i t  c a r r i e r s .  D u e  t o  
o v e r l a p p i n g  o f  h o l e  w a v e  I 'nnot ions  a.t di i l ’e r e n t  ions ,  h o l e  ca.n propa .ga, te  f r o m  o n e  
o x y g e n  ion i.o l iearesl ,  on e .
3.2 Formilliitioii of the Model
W e  s t a r t  w i t h  r o r i m d a t i n g  t h e  m o d e l  a.nd w r i t i n g  d o w n  t h e  g e n e r i c  I la.mil  to ld  all.  
N e x t  w e  s t u d y  t h e  eil 'ect  o f  C o o p e r  pa,iri lig b e t w e e n  t h e  c a r r i e r s  a n d  s h o w  t h a t  
a t  c e r t a i n  v a l u e s  a n d  m a .g n i t ( id e s  o f  t h e  a p p r o | ) r i a . t e  coUfi l iug  ) ) a , r am e te r s ,  t h e  
s y s t e m  is a.ctua.l ly s u ( ) e r c o n d U c t i n g .  P r o p e r t i e s  o f  s l l ch a. s u p e r c o n d u c t i n g  s t a t e  
a.re in f a c t  o n l y  s l i g h t l y  d i i î e r e n t  f r om  t h e  p r o p e r t i e s  o f  c o n v e n t i o u a .1 ( l o w - 7 ' )^ 
s u p e r c o n d u c t o r s .  A m o n g  t h o s e  we  so far c a n  o n l y  m e n t i o n  t h e  c h a n g e  in t h e  
f l u c t u a t i o n  c o u d u c l . i v i t y  a b o v e  o r  n e a r  t h e  c r i t i c a l  t e m p e r a t u r e  7D R e l a x a t i o n
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FigUfe 3.2: Site coi)ngilifi.t;toil in I,he plalie of clipla.icis
DoUed line repiesehts l;lie efled. of orl)il.a.l conlaa.ctioii/exfeiisioil due to the locaJiza.- 
tioil/deloc.a.liza.tion of an extia. hole at a sped lie. site. Tlie enlarged orhital a.ttains the 
la.rger value of the hopping a.li1plitude to the nearest sites. ^
of the pa.iriiig paralrK'I.el' to erpiitihriilln ;u (|iiii'('s a. sina.il l('a.l |)a.rt dlle to l.he 
a.s.ymirletgy of contraction-delived interaction hetweeli tlie (|Uasi-pa.rtic.les above 
a.nd belovi' tlie ]''ermi energy.
O x y g e n  a t o m s  in t h e  c o p p e r - o x y g e n  la.yers o f  t h e  ct i | )ra . tes (F ig .  3 .2 )  h a v e  
s i m p l e  q u a d r a t i c  l a t t i c e .  W e  a. ,ssnme tha . t  p ,  o r b i t a l s  o f  o x y g e n  [z  is t h e  d i r e c t i o n  
p e r p e n d i c u l a r  to  t i n '  c u p r a t e  plai i( ' )  aix' b o u n d  to  t h e  n e a r  c u p r a t e  la y e r s  whelea . s  
c a r r i e r s  a t  t h e  />·,·,7fi/ o r b i t a l s  ma.y h o p  b e t w e e n  t h e  o x y g e n  ions  ill t h e  p l a n e .
b e t  /,| b e  t l i e  h o j i p i n g  a m p l i t u d e  of  Pr{p,,) a n d  0  t h e  h o p p i n g  a i n p l i t u d e  of  
p , / (/>,.) o x y g e n  ol bita.ls bel.Wi'eli l.hc' iK'aresl. l al . t icx 's i t ( 's  in l.lu' x (y) d i r e c t i o n  ill a. 
s r p i a r e  lat l . iee wit l i  a  l a t t i c e  p a r a m e t e r  a. ' I ' hen  l.he n o n - i n t e r a c t i n g  Ma.mil tol i ia l i  
is
;/„ =  «!«, -  (, x : »,!«, -  i, x :  -  h  E  (:ı■ı)
< i j > . r  < d j > v  < 0 > t /  < U > . T
w h e r e  n] (a,:) is t h e  c r e a t i o n  ( a n n i h i l a t i o n )  o p e r a t o r  for  Pr a.nd c o r i e s p o i i d i r i g l y  
h] (l)i) for py o r b i t a l s .  T h e  i n t e r a c t i o n  l l a m i t t o n i a n  i n c l u d e s  t h e  t e r m s
Hi =  ajaj [Vniiinj -|- m,·)] -|- ^  h]bj [bn.pi . j  -f  lT(n, ;  4- ?b) ]  (3 .2 )
< o> < ’.1>
w h e r e  Hi — ri|rt,:, nli — b\hi. ' I 'his  c o r r e s p o n d s  to  t h e  d e p e n d e n c e  o f  t h e  h o p p i n g
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a i n p l i t u d e  on  l.hc o c c t i p a i i o n  lultnlu'.rR 7?.,;, w.i o f  l.hc ( o n n
-ya ~  ~  ” '->:)( · “  ” '·,?■) 4- T| [( I -  mi)w. j -f ?77,,( I -  777.,)] +  T2miinj  (.1.1
ii.H(l col-fe.sponding'ly of l.lic same roiln with 7 7 7 ,: icpliiced wiili 7 7 ,;
The a l n p l i l n d c s  To, t\^  T2 
c o i l i ig u r a i i o l i s  o f  o x y g e n :
c o r r e s p o n d io  i h e  i r i n i s i i i o n s  h e iw e e l i i h e  io n ic
To : er-i-6;'·- -  o r  -1- 0 -
r\' : 0г 1- O' t -7  o f - 1  Oj (1.4)
T2 : 0, 4- Oj -  0 - 1 0 ,
O co r re sp o t id . s  l.o I,lie neutra.1 o x y g e n  ioli vvliere7i..s ()~  io  i l i e  .single c l i a f g e d  a n d  
0^~ i o  i l i e  d o u b l e  c l i a i g e d  l l e g a i i v e  ions.  S i n c e  o x y g e n  f i ion i  l i as  I,s^2p'*2 .s  ^
c o n n g i n ' a i i o l i  in i i s  g r o u n d  s i a i e ,  f i l l ing o f  i l ie  p she l l  io  i l i e  full o c c t i p i e d  
colliigUI:a.iion 2p^’ is i h e  n i o s i  ra.voi;d)le.  A i i i p l i i i i d e s  V find W  l’ela. ie io  i 
pa . ra . ine ie r  tq, T| ,  T2 a c co i x l in g  io
V =  To -  2t\ 1  T2, 14^  =  T| -  T2 .
A s s u m i n g  /.I =  /-2 a n d  rep la .c ing  a,i, hi wi i l i  vviili i l ie  p se i td o -s  
we  w r i i e  i l i e  !ffi .nii lionia.n I'^ls. 1.1  a n d  1.2  in i l i e  f o r m
If =  —/. ^  I" 1  tlv  1  iiw
<i; > ^
(1.5)
i ces  a = i ,  t  
(16)
w h e r e
Hu = IJ 77,: [77,1
i
Hy 1·^  ^   ^ h^rr i^;(T77.i,iT77,' i^
<«./> ^
ip,y = 14/ rt|„a,v(77,:,  ^ +  77,-,ff)
(1.7)
w l i e l e  we  a l s o  i l i c ln d e d  i h e  o l i - s i i e  ( ¡o i i lo mh  i i i ier ; i .ei ion ( ( ) )  h e i w e e n  i h e  d i s s i m i l a r  
o r h i i a l s  fii i h e  s a m e  s i te ,  rr c a n  a l s o  he  c o n s i d e r e d  as  a  lea l  spi l l  pt -ojec i iol l  o f
c l e c i f o n s  a i  i h c  sil.o. In U ia i  ca,s('., I,lie p a i r i n g  will o r i g i l i a i c  b c l w c e n  i l t c  s | ) in -i l | )  
a.iKİ s p i n - d o w n  o r b i t a l s ,  r a i l i e r  t h a n  l)otw(ir'ii p,,. nrid py o r b i t a l s .  M o r e  c o m p l e x  
m i x e d  s p i n  - a n d  o r b i t a l -  p a i r i n g  c o n f ig i i r a t i o n s  c a n  a l s o  b e  p o s s i b le  w i t h i n  t h e  
sa .me i fh 'a  o f  o r b i t a l  c o n t r a c t i o n  (or  ( 'Xp;i .nsion) ;i,t ho le  l o c a l i s a t i o n .  T t i e  fo l lo win g  
d i s c u s s i o n  d o e s  n o t  d i s t i n g i n s h  b( ' tw( 'en I.Ik ' rc'al s p in  a l id  t h e  p . se ndo-sp in  pa. iring.  
T h e  l i a m i l t o n i a n ,  I'iq. 4.6,  is a. mo f le l  o n e  w h ic h  c a n  n o t  re fe r  t o  t h e  r e l i a b l e  va.liles 
o f  t h e  | ) a . r a m e t e r s  a p | ) r o p r i a t e  to  t h e  o x i d e  m a tc ' r ia l s .  'I’lie p n r p o s e  of  o l i r  s t i ld^/ is 
ra . th e r  t o  i n v e s t i g a t e  t h e  p ro | ) e r t i ( ' s  o f  s i i p c n c o n d i l c t i n g  t r a n s i t i o n  s p e c i f ic  to  t h e  
m o d e l  c h o s e n  a n d  t o  find t h e  r a n g e  o f  t h e  U, V, W  v a l u e s  w h i c h  ma.y c o r r e s p o n d  
t o  s n p e r c o n d i l c t i v i t y .  T h i s  is d o n e  a l o n g  t lx '  l ines  of  t l ie  s t a n d a r d  ÎKJS n i o d e h ’'"’ 
in t h e  wea.k c o u p l i n g  l i m i t ,  f/ ,  b', I4' —» 0 , a.nd by a.n ( 'xa.ct dia.gona.l isa. tion of  t h e  
M a. tn i l to n i an  for  a. i i in te  a t o m i c  c h l s t e r  a.I. Ia.rg(' a.nd i n t e r m e d i a . t e  coupl ing . ' '
In t h e  m o m e n t u m  re p r c ; s e n t a t i o n ,  t h e  l l a m i l t o j i i a n  b e c o m e s  / /  =  / /o +  / / |  -\- lf2 
w i t h
(Jhaptet 3. Contraction h4echanir:w of llig li 'Icinpci’citilve Superconductivity 4.']
//f) =
pa
II, = V E 1^ 0^^'p\(y^ ’^p2p^  rv/y7iS >47
;M 7^2/TWM , o  /Î7 (S
vvliero
il> =  “  /'■’ ^ P  ~  -I- c.osp,/r,)> ( T I 2 )
a.nd //, is t h e  c h e m i c a l  p o t  e n t i a l .  I is th( '  z e r o  o r d e r  v e r t e x  paid, d e f i n e d  as
I'O
where is a. Pauli luatrix
I, -|. ( | , | /  -|. - , a . ' ) ( , T | „ ^p2 ■!' '^P.i d" )
^Tv/i' ' '7,'i('' '^V7(V?,S· — <'^ ai5<’V7)^Pl+p2,b.Ttp4 (4 .14 )
I^of r e a s o n s  w h i c h  wil l  l)e c l e a r  l a t e r ,  we  s e p a r a t e d  / / v  a n d  p u t  solr ie  p a r t  o f  it  
i n t o  t h e  / / |  t e r m ,  w h i l e  t h e  r e m a i n i n g  p a r t  is i n c l u d e d  in t h e  //2  t e r m ,  t h u s  g i v i n g
III =  ~  2 ^
<ij>a
Clmjytcr J . (Jonti'ciction ^4c(:l¡яíusnı of llig li 1сП}рсгя(.игс Sui)CL'coi)(lUctivil.y 44
wiili // = <  Hi > being ilic average oedipa.I.ioh of ihe sil.e.
3.3 The Cooper instability in the 
occupation-dependent hopping 
Hamiltonians
'I’lie Cooper itisiabiliiy rea.lize.s al, cel-iaiii iempel-aiiirc T  =  7^ as a siiigiilal-i(,,y in 
a iwo-|)al (,idc scal.U-iiitg amplil.ml·' al, zc'io l.oial molncnl.nin. IvcC.s iliUoducc a 
fit ltd,ion
I ' (p i />2,7· -  r )  = <  7 V n . j „ | ( r ) « _ p , | ( r ) a _ p , | ( r ' ) « p , | ( r ' )  >  '.(,7.1.5)
where rtp„(r) =  ex|)(//г)п.|,„ ex|)( - / / r ) ,  «p,, =  ex |)( //r )ap„  e x |) ( -7 / r )  are ilie 
irnagitiary iiiiie ( r )  creaiion aiul anniliilalion opetaiors. Л1, pi =  —Рг, Pa = 
—pa, ilie kernel of is proporl,ioiial l,o (6' i.s опе-е1ес1,Гоп (¡reeli
rnndion). We keep nol,a.l,ion 1'(рр0 siicli a. lediieed (ireeli runciioh .specifying 
only moinenia p =  P( =  —p^ and p' =  p:( = --p,(. Hy a,я,sinning (.elnpolarily V — 
0, ibis Marnilionian resiilis in an ecpiaiion foi· ibe l''onrier iransloriri Г(;>,
l'(p, p', i2) =  l"’(p, p') -  7 X  P'>(p, к ) ( , ; л к ) е _ . i-ni - k ) l ' ( k , p ' , П) (.7.1fi)
corresponding io suinrna.iioli of l''eyinnann grapbs sbown in l''ig. 7.7. In ibe 
forinltla.s a.l)ove, to =  (2n, |- 1)тг7' and U = 2жт'Г {n,rn iniegels) are ibe fliscreie 
odd a.lld even frecpK'licit'.s of ilu' ilu'i niodynainic periurl)a.iiotl ibeory.’'*'’ ('/(k,a>) 
is a one-|)ariicle Creeli funciion in a 1''оп1ае1· represeniaiiori
r.'lk.u,) =  — (:i, i7)
6 : -  1·^
l)ia.gra.iris of kig. 7.7 are singular since' ('cpial momeiiia of iwo para.llel running 
lines bring iogeiber singula.riiies of boib (Ireen runciions i7(k,o>) and (7(—k,cu). 
6-veriex inieraciion is noi gelierally considered in ibe ibeories of sirotigly- 
correlaied fermionic sysiems. .Sneb inic'iaciioli a,Iso resulis in singular diagrams
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r =
F îg U t* e  .3.3: 4-v(' iU',x i n t e f a c t i o n s  
( ■oopeı· ( l i agrams fol' ''l-vcıl;ox inloıacl . ions,  İ.l aiıd W.
FîgUl' fe  .3.4: G v c r i r x  ilılefa.d,iolı.s 
C o o p e r  (l iagraln Гог G-veıl,ex ilil.eiad.ioii
Гог p  —> —p  sca l . t e l ' ing  s h o w n  in l' 'ig. 3.4. >Sİik :c a  do . sc d  lo op  iti l.his i i g n re  
d o e s  l ıo i  c a r r y  a.ııy molncJı İLim l.o l.lıc, v('i l.('x, il. r e d u c e s  io  (.he avera.ge  va i l le  o f  
C  w h i c h  in l.ıirn is l.he a v e r a g e  ol l.he n ı l ın h e r  o p é r a i , o r ,  <  r d a  > .  ' I’a k i n g  i n i o  
co t ı s id e ra . i i o n  ol sncl ı  d i a g r a m s  is e( | iı ivaleiı l .  l.o r e p la c i l ıg  o n e  of  l.he ??.,;’s in l'k|. 
•3.8 1,0 il,s l , l ıeriTiodylıainica, l  a v e r a g e  // = <  'I’hen  i h e  V i e r l n  cali  b e
a d d e d  l.o l.he l e n o r l t i a l i z c d  va il le  o f  ГЬ,
W  ^  И/ -f
W e  c h e c k  by  n u m e r i c  ana . lysi s  in l.he iiexl. s i ' c i io n  l,o w h ic h  exl,etıl, s i l d i  alı 
a p p r o x i m a t i o n  m a y  Ire j i i s t i f i ed .  
l3y . sn i r s t i i u i in g
1 ' ( р , р ' , П )  =  Л(П)  +  /Г,(П)гтр -I- lh{H)ap, +  C{Ü)apap>. (3 .18)  
i n t o  I'kp 3 .16  a l id  i n t r o d u c i n g  t h e  ( |u a i i t i t i e s
к
aluipicr 3. (JonI.rHciioii Mccli;wisiu ol High Tr.iiipc.iiUiircSupcicoiiihiciivity
w e o b t a i n  a  R,ysl,crn o f  c o u p l e d  e( | ilal, ioUs ('or / 1 , / i | ,  / ^ , 6 '
1 -I- f/Ao -1- Pi/A, //A, +  Pi/Ab 0 0 \
Pi/A'o 1 1- P|/,S', 0 0
0 0 1 4- f/A„ 4- IVAi A .S', 4- W S 2
0 0 PPA,. 1 4- 14/ A| /
/1 ^ (/
X
Ih
rh
PP
w
K (' J [ 0
X
w l i e r e  W =  W  -f  w h i c h  a.re s o lv ed  l.o g iv e
U -W \ S 2  .. .. H/(  l - I-h i/ .S ' i )
A
I) , th =  Ik I)
a  =  -
W^So
D
w h e l e  1) is a  de ie r l r t i l i an l ,
I d- I- |/i/,S'| //,V, -I- W Si
hl^So I -I- M/,9|
' I ' h e  d e i e r i n i n a l d .  bec ol r ie s  z e l o  a t  s o h u '  I . e inpera l .u re  w h i c h  t n e a n s  ail 
i l i s tab i l i l .y  in t h e  t w o - p a l t i c J e  s c a t t e r i n g  a m p l i t u d e  ( P  —> o o) .  ' I 'his  t e m p e r a t u r e  
is t h e  s u p e r c o n d u c t i n g  t r a n s i t i o n  t e m p e r a t u r e  'i\.. A t  7A  I'xp 3 .16)  is s ingula . r ,  
w h i c h  m e a n s  t h a t  t w o - p a r t i c l e  s c a t t e r i n g  a m p l i t u d e  g e t s  in f in i te .  l3elow 7A t h e  
f in i te  v a l u e  o f  P is e s t a b l i s h e d  by  i n c l u d i n g  t h e  n o n - z e r o  th e rm a . l  a .verages  ( t h e  
o r d e r  ] ) a r a m e t e r s ) ,  <  > ,  <  «pd-p  >■ W e  fi is t  a n a l y z e  t l i e  ca.se o f  not i -
r e t a r d e d ,  n o n - c o n t r a c t i o n  iid,era.( t io n  U, a n d  a f t e r  t h a t  c o n s i d e r  t h e  efl 'ect  o f  t h e  
o c c u p a t i o n - d e p e n d e n t  h o p p i n g  t e r m s ,  V a n d  W .
3.3.1 Direct rion-t-etaided itiPtiiactiori
N e g l e c t i n g  c o n t r a , c t i o n  p a r a m e t e r s  K  Pl^, s o l u t i o n  to  l iq.  .3.16 r e d u c e s  t o
U w k
chapter Contraction ^4ccl¡a■n¡snı ol IligI) 'Ir.iitperattirc Superconductivity A1
w lu c t i  a f t e r  t h e  R i t ln m al io i i  o v e r  l iui  d i s e r e l e  rreqt lenc ieR r e d u c e s  i o  Uie 
c o u v e i i f io i i a l  IKJ.S e q t l a i i o n  (al. i iegal . ive I!)
1 _  I -  2ny
wii l i  nj t  =  (ex | ) ( /?^g )  -|- I ) “ ' .  Л1 iinil.e rre(|iieiic,y П,  l 'k| .(2'5) r e d u c e s  t o  
I = 7 ' Y ^  C
" t , ^ . / _ , , ; / ' ^ ( ( 2  4 .а ; '2) (^ -}-га ;  +  гГ2)
w h e r e  w e  r e p l a c e d  (or s i m p l i c i i y  an  i i il .( 'graiioii o v e r  Die  B r i l lo u i u  z o n e  j  ddk^  by  
t h e  i i i i e g raD o i i  o v e r  l.lie e n e r g y  a s s u m i n g  l.lial, f ix '  d e n s i t y  o f  sl,a.tes n e a r  t h e  l ' 'erini 
e n e r g y  //. is ihi.t. —I'd a n d  /'y'2 a l e  t h e  low er  a n d  u p p e r  l i m i t s  o f  i n t e g r a t i o n  e q u a l  
t o  —At — fi. a n d  4/. — //., r e s p e c t i v e l y .  >Suc.h an  a | ) p ro x i l n a . t io n  is n o t  v e r y  b a d  s i n c e  
m o s t  s ing ula . r  c o n t r i b u t i o n  t o  i n t e g r a l  conu^s frorn t h e  p o i n t  =  0 w h e r e  t h e  
i n t e g r a n d  is t h e  la rg e s t .
A b o v e  7 A  i5(|. 4 .25  d e t e r m i n e s  t h e  Гге(|ПеПсу o f  t h e  o r d e r  p a r a . m c t e r
r e l a x a t i o n . ^ ’^ ’ ' ( ' h e r e  is a. sma.ll  c h a n g e  in t h i s  f r e q u e n c y  c o m p a r e r l  t o  t h e  IKJS 
m o d e l  in w h i c h  l i m i t s  o f  t h e  i n i e g i a t i o i i  ( - A ' l ,  ¡C) a r e  s y m m e t r i c  w i t h  r e s p e c t  t o  
t h e  I ' c r m i  e n e r g y ,  a n d  s m a l l  in c o m p a r i s o n  to  e/.·, t h e r e f o r e  we  br i e f ly  discU.ss i t  
no w .
T o  o b t a i n  a  r e a l - t i m e  r e l a x a t i o n  (гехцк'псу,  l 'x(.(25) n e e d s  to  b e  a r u i l y t i c a l l y  
c o n t i n u e d  to  a. rea.l f r e q u e n c y  d o m a i n  f r o m  t h e  d i s c r e t e  ima.g i l ia ry  f r e q u e n c i e s  
гшп =  (2?i. I )7гг7'.’^’·'’ U s i n g  t h e  i d e n t i t y
’ Ç  Ч  + iC \)4  +  T Ч ,)   ^ I t  ,0  “  i i
(4.2f>)
n((^) is a  F e r in i  f u n c t i o n  n{(,) --- (exp(/?i^) -(- 1) * g iv es
, T  Ш fC7 ’ m <·'^  t a n h  ^
 ^‘ -di
w h e r e
7 4  =  —  1/  A’I /'Toxp
7Г
, m  -I- Щ
I \
, İM7 =  C =  0 .577 .
(4 .27 )
/V(e, . . )K/|
’Impict .7. (JoiilJ'rici.ioli Mecimhisiii o f High Tciui)craiure SnpcvcondiU'tivity ' l8
(J is E u l e r  cons t ,a i iL  A i t a l y l i c  coi iLi inla iioi i  is how  s i m p l e :  we c i t a h g e  H i o  i{u>— 
r8)  ^ 8 =  -fO, t o  oM.aili  a  f u n c t i o n  wliicli  is a n a l y t i c  in t h e  u p p e r  h a l f  p l a n e  of  
c o m p l e x  ie, I m te  >  0. T h e  o r d e r  p a r a m e t e r  r e l a x a t i o n  e q u a t i o n  b e c o m e s
7'  (jj r'‘'i t a n h  ^
-d  ^ A  =  0.
-  I  -I- ^8)
A t  u  7f. a n d  7 ’ — T,. -C 7'f., t h e  real  a n d  i m a g i n a r y  p a r t s  o f  l iq.  .7.29 a,re e a s i l y  
e v a l u a t e d  t o  g iv e
T - v : . ~ T İ ^ - i- c. % A 2 ) a  =  o .
V HI,. 'll'ol'n /
, t h e  o r d e r  pa . ra .meter  re la .xatioi i  e q u a t i o n  a t  7 ’ >  7'^ b e c o m e s
(I T / A ) ^ - P l ’A =  0
()l
r = £ ( r x =
7T nl·y\l·J2
In c o m p a . r i s o n  to  t h e  I KI S t h e o r y  in w h ic h  /'A =  /'A =  u>d (loI) is t h e  D e b y e  
f re ( iUency )  a n d  t h e r e f o r e  A =  0, we o b t a i n  t h e  rela.xa.t ion whic l i  h a s  a  n o U -z e ro  
“ i n d u c t i v e ” c o m p o n e n t ,  —fAP.  T y p i c a l l y ,  /'A ^  /'A ~  ei·· a.nd t h e r e f o r e  |A( is a  
sma.ll  ( ( i i an t i ty .  H o w e v e r ,  i t  i l ic reas i ' s  n e a r  t h e  low (// ·<  1) o f  l i ea r  t h e  m a x i m a l  
(// ~  2) occUpa. t ion  w h e r e  /A o r  /A b e c o m e  s m a l l .  S l lch  I n o d e  o f  re la .xa t iol i  is 
s p e c i f ic  t o  a  n o n - r e t a . r d e d  ( i i o n - p h o l i o n )  i n t e r a c t i o n  w h i c h  is h o t  . s y ln m e t l  ic nea,r 
ejy a n d  s p a n s  o v e r  t h e  la r g e  v o l u n u '  o f  t h e  k - s p a c e  r a t h e r  tha.n is r e s t r i c t e d  to  a  
n a r r o w  e n e r g y  a>/j <C £r·' n e a r  l.lie E e r m i  en e rg y .
3.3.2 Occiipation-clepeiicletit hopping instability and 
felaication
N e g l e c t i n g  d i r e c t  i n t e r a c t i o n ,  w e  |)iit  U =  0 in Eq.  7 .22  a l id  I 'eceive
w h e r e  a t  ( in i te  f re ( |Uency  oj
• W  =  N ( E i , y r y  I ' l
- / .  / 2  ^ -uJ-\-i8
Cluipter ‘I. ('onimciion Mechahisni of tUgh Icniperciturc Suj)crcoh(iticl,ivil;y 4!)
L e U i n g t D  =  0 w c o b i a i i i  IVoin E(i.  4.•44 a. Ua.iisil ioii  t e i n | ) c i a l t i r c 7 | ^ .  T l iecqua . l i io i i  
l ias  a. sol t iUoi)  a.i 14-^  <  0 , //. <  0 , o r  at. W  >  0, ft. >  0 (w e  a ss t i r ne  thal ,  i >  0). P l u s  
o r  m i n u s  s ign  is d i o s e n  i,o o b t a i n  t b c  i n a x i i n a l  v a l u e  of  Tc ( t h e  s e c o n d  s o l u t i o n  
c o r r e s p o n d i n g  to  s m a l l e r  7' ,  t h e n ,  lias l-o Ik ' d i s r e g a r d e d  s i n c e  a t  T < Tc t h e  o r d e r  
p a r a m e t e r  will  b e  f in i te  a l id  t l i e re l 'o ic  l'4|s. .4.20-.4.22 d o  Hot a p p l y ) .  ' I ' liis g iv es  
a.n e x p r e s s i o n  fol' 7',.
Tc =  /'^'-¿nxp
7T ^
t
(iX|)
2\W\N{ej.·),
(4.4.'))
2 |//,|/, ' 8/ d
w l i e f e  //. <  0 , W <  0 ( s e c o n d  e x p o n e n t  is d o m i n a t i n g  t l i e  first  o n e  in  t i l e  w e a k  
c o u p l i n g  l i m i t  W  - a . O ) .  R ea l  a n d  i m a g i n a r y  p a r t s  o f  .S'„(a;) a l e  c a l c u l a t e d  a t
u) <  7:.
:,eS„(a)) =
I'hl'h ’
-  X
n =  0
_|. 1 h, n =  Ift Ir: ’
4. tlLzJh. _|. i  11, t/EBI -  2
' 11  ^ ' II- Ir ’
i fq ua t io n  for A is o b t a i n e d  wit l i  a  v a lu e  l a r g e r  t h a n  t l i e  p r e v i o u s  o n e  ( I5q . (4 2 ) )
+ V ^ ) .
¡1 \  n ic I'oT'l /
I ' f igc l iva lue  e i p l a t i o n  g iv es  t l i e  j ) - d e p e n d c n c e  o f  t l ie  t w o  p a r t i c l e  c o r r e l a t o r
I ' ( P ) P 0 ^
I’( P ) P 0  — ('*^'2 “  ■' '^ı('’■t) b o-p') -b Sr)0'p(Tp' ] . (4..{9)
S i n c e  C  d i v e r g e s  a t  'I'c, t h i s  d e t e r m i n e s  t h a t  o r d e r  | ) a t a m e t e r  b e c o m e s  m a c r o s c o p i c  
a t  T <  7',. T h e n ,  t h e  p a i r  c r e a t i o n  o p c ' la to r ,  a j / i L p ,  will a l m o s t  b e  a. It t imbel·,  
i .e . ,  w e  m a y  d c c o m | ) o s e  I'xp 4..49 inl.o a. p r o d u c t
Aj,At, = <  «j,|rtL,,| > <  a_t,qrt|,q >
a n d ,  t o  1)0 c o n s i s t e n t  with,  t h e  p ,  p' d e p e n d e n c e s ,  b y  l e t t i n g  ( p  =  (p< w e  obtf i i l i
^p C, ( ^ c x p { r 0 / 2 ) / ^  -b e x p ( - ) 7 V 2 ) / ^ )  nxp(i<b’) )
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c o s 6» =  - , S ' i ( 0 ) / / S o ( ( ) ) , 9 2 ( 0 )
aiKİ is a.i) o v e r a l l  |)Ьа..ч(' w b i d i  is i r i r ' l cva l i i  ГоГ a  s in g le  silpeiToridlicl .ol·  bill, is 
inipoi ' l .anl ,  Гог ca lc i l l a l . ing  ciiri 'eitl.s in mi i l ( , i | ) l eor  w e a k l y  c o u p l e d  .snpercondnc(,or ,s .  
' I ' l i e re fo re ,  sysl .ern nnd ergoe .s  a  p a i r i n g  l . rans i i ion  a t  t e m p e r a t u r e  ГоП)к1 f roln  
1'/(|. .‘5.,'kb. S i n c e  t h e  p a i r s  а 1ч' ch;vrg( 'd,  t h e  st<ate b e lo w  7',. call  n o t  b e  iioli- 
s i i p e r c o n d l l c t i n g .
W e  d o  n o t  cii . lcil lated t h e  M e i s s n e r  r e s p o n s e  b u t  in t h e  fo l lo w in g  s e c t i o n  
w e  p r e s e n t  n i i rn e r i c a l  c a l c u l a t i o n  o f  fllix ( | i l a n t i z a t i o n  wdiich s u p p o r t s  t h e  a b o v e  
s t a t e m e n t .
3.4 Exact diagonalization of the
occupation-dependent hopping 
Hamiltonians in finite cluster
Wc calctilal,(  ^ lUc. ground siai('. ('ii('ig;y of n. riihir. s /^.slcin as shown in Kig. 5.5. A 
hiagnctic ilnx is pioduccd a solenoid passing Ihrongli the
Corners of the cube aie the laUiee sil.es, whidi can be occtlpied by eled.rons. 
Wildi ilic' inclnsion of (.he magiK'lic ilnx, inoch'l Ilamilioniali, hkh 3.6, becoiru's
II - -I- + /'-i·· +  -I-
<ij>rr i
d- «Lc-jo [VnifrUjff +  i r (n , :^  -I- expirin' ,·,■) -|- h.c.
w l i e r e
П',:,· =  (27г/Ф„) ^  Ar/l {.'{.4d)
and Ф() =  l^ (^■/(’ is the magnetic ilnx ((iiantiim. 'I'hroughout the calculations we 
l.ake t =  I .
W e  s t a l ' t  w i t h  c o n s t r u c t i n g  t h e  m o d e l  i l a n i i l t o l i i a n .  Ill a  H i l b e r t  s p a c e  o f  o n e
(Jl)aptei: li. Conti fiction Mccimnisni oi High Tcinpcial.iirc SiipercoiuhlcHvii.y 51
F i g l l f e  3 . 5 ;  S a m p l e  co i t i ig i i i a i io i i  o f  l.lic c u b i c  clti.sl.er 
T l ie  flux Uil'otlgh I.I1C cube  is p ro duc ed  by a  solenoid.
fd eel,foi l
0 0 /  I I 0
(3 .d5 )
wiih a basis specifiecl as t/y =  (0, I) for (die groiiiKl sl,a(.e (n =  0) allcl = (1,0) 
for llie excifed sl.al.e (n =  I). Ill case of N sl.al.es operaiof of aiitiihilalioU a„, 
fakes file form
a „  — .s·"·“ ' 0  a  0  c ^ “ "' 
wliere c is l.lie tliiif mairix aiu.l .s is Uiriialy Inaflix
1 0 \  / 1  0
' ~  ' 0 I /  ’ ^ ( 0 - I
( : l .d7)
and 0  sfaiids for ilie Kroiiecker maflix millfiplicafioli. I'bxpliciUy, we have
a I =  a 0  e 0  c 0  e . . .  0  c
(1.2 =  -s 0  a 0  c 0  0. . . . 0  c
o/v =  .s 0  ,s· 0  ,s·, . .  0  ,s 0  a
'hüpter 3. Conl.iacUoii Mccluinistn o f High f  hiiipc^ -<%(Airc Siiperconcitictivity h‘2
' I ’l ius,  Гог e x a m p l e ,  Гог t w o  s t a t e s
/  О I О О \  
О О О О
а,
О О О I 
О О О О /
«■■I
О О I о \
о о о - 1
о о о о
о о о о )
' I ' l iese m a t r i c e s ,  wlilcli  a r e  a im i l i i l a t i o l i  o p e r a t o r s ,  a lu l  c o r r e s p ö l u l i u g  M e r m i t i a l i  
c o n j u g a t e  m a t r ic ( \ s ,  wbicl i  a r e  tlic: clcxitioii  o p e r a t o r s ,  sat isTy t h e  I ' e r in i  a l i t i -  
c o l n m u t a t i o l i  r e l a t i o n .  ' I ' l iese o p c ' i a t o r s  al(^ s p a r s e  m a t r i c e s  w i t h  o n l y  /V/2  n o n ­
z e r o  e l e m e n t s ,  w h i c h  a l e  ecpial  to  ± 1 .  N e x t  we  so lv e  t h e  S c h r ö d i n g e r  e q u a t i o n  
//(/ .  =  Иф. W e  i m p l e m e n t  t h e  s a m e  p ro r c f l i i r e  as  Гог e x a c t  d i a g o n a l i z a t i o n  
p r o b l e m  оГ ( !hapt (n·  2 , in orden- t o  solves t h i s  (H in a t io n . . ' ’·^ ’' ’' ' ’'"
' I ' l ie c u b i c  c l u s t e r  w i t h i n  t h e  H u b b a r d  l l a m i l t o i d a l i  a n d  Do e x t e r n a l  l lux 
a p p l i e d  t o  t h e  s y s t e m  w a s  s t u d i e d  p r e v i o u s l y  by  C a l l a w a y  cl al.J' Q u a n t u m  
M o n t e  C a r l o  m e t h o d s  a p p l i c a b h i  to  l a rg e  s y s t e m s  w i t h i n  t h e  H u b b a r d  m o d e l  
( b o t h  a t t r a c t i v e  a n d  r ( ;pu ls ive ) ,  b u t  Hot t iu '  o c c u p a t i o n - d e p e n d e n t  h o p p i n g  
H a m i l t o n i a n s ,  a l e  r e v i e w e d  in a  papei-  by Dagot l .o . ·’ ’
3.4.1 The rumiber parity effect
S u p e r c o n d u c t i v i t y  r e v e a l s  itselT in t h e  l o w e r i n g  ol t l i e  g r o u n d  s ta . te  e n e r g y  as 
(d e c t r o l i s  g e t  p a i r e d .  ТЬегеГоге  t h e  c' .nergy m x 'd s  to  b e  m i n i m a l  Гог e v e n  nund)e l-  
оГ e l e c t r o n s  n  a n d  will a t t a i n  a  l a r g e r  valnc'  w h e n  n is o d d .  As  in t h e  p r e v i o u s  
C h a p t e r ,  we  c o n s i d e r  t h e  g a p  pa i  a .m e te r  "
(:i . / |9)■¿/-I-1
-  ^  ( ' ? '  -I- " r h
as  a  p o s s i b l e  “s i g n a t u r e ” o f  s u p e r c o n d u c t i v i t y  ( w h e r e  If’’'' co r i -espol ids  t o  t l ie  
g r o u n d  s t a t e  e n e r g y  Tor m r e r m i o n s ) .  I 'or all  i n t e r a c t i o n  p a r a l n e t e l ’s s e t  t o  z e ro  
( f /  — \/ =  ]/]/ =  0), n o  s ign ol p a i r i n g  is ob se r v ix l .  ' l b  c h e c k  ou l ’ a n a l y t i c  r e s u l t s  
o r  p r e v i o u s  s e c t i o n  a n d  t h e  a r g u m e n t  Ib l lo wing  I'fq. we  c a l c u l a t e  A, ,  a b o v e
a n d  b e l o w  t h e  ha l r - i i l l ing  {n — 8 in c a s e  ol' c u b i c  c l u s t e r ) .  Helow t h e  b a l b n l l i n g  
c l ) e m ic a l  p o t e n t i a l  is n e g a t i v e  (//. <  0) a.nd a.bove t h e  l ia ll- i i l l i l ig i t  is ve
e r 3. Conti action Mccimnisni o f High Tr.nij)cratni'c Snpcvcondnctivity 5 '}
(//  >  0). W('  fiiKl, duH'.kcfl U ia i  l.lu' W  —+ O ' , W  —> 0 a n d  V —  ^ 0 ' ' , V —> 0
c a l c u l a i i o i i  is colisisl.niil, w i t h  all cxa r l ,  s o l u t i o n  avcailablo Гог a  n o M - iu te r a c t i l i g  
s ,ys iem  o f  n o lcc t ro i i s .
W('  tlioii t ( ' s i  o i i r  pi 'ogi 'ain Foi' I.Ih ' casi '  ol in 'Ralivi ' -F/  H u b b a r d  H a m i l t o n i a n  
( / /  <  0, V' =  0, W  =  0) vvliicli is k n o w n  to  bo s i i p c r c o n d u c t i l i g  (o.g.  
icrereiices'^·'’’’^ ’·^ ). P o s i t i v c -Г/ H u b b a r d  m o d e l  d o e s  n o t  s h o w  a n y  s ign  оГ 
s u p e r c o n d u c t i v i t y ,  in d i s a g r e e m e n t  w i t h  s o m e  s t a t e m e n t s  in t l ie  l i t e r a t u r e . ' ’ 
O u r  c a l c u l a t i o n s  c a n  n o t  d i s p r o v e  t h e  ( p o s s i b l e )  n o n - p a i r i n g  i n e c l i a n i s m s  of  
s u p e l ' c o n d u c t i v i t y  b u t  t h e s e  se( ' in to  Ik ' u n l i k e l y  tnodelf l  Гог t h e  p r o l ) l e m  ol 
s i i p e r c o n d u c l . i v i t y  in o x i d e s  w h ic h  c le a r l y  s h o w s  p a i r i n g  оГ e l e c t r o n s  (h o l e s )  in 
t h e  . l o s e p h s o n  e i l e c t  a n d  in t h e  A b r i k o s o v  voll . ices.  T l i e  r e l a t i o n  2cV =  I'ilo is 
j n s t i f ie d  in t h e  fi rst  c a s e '  ' a n d  (lux ( | n a n t u m  оГ a  v o r t e x  is li.c/2c in t h e  s e c o n d , ' ' ' ’ 
l )o th  w i t h  I,he v a l u e  оГ t h e  c h a r g e  ecpial  to  t w i c e  t h e  e l e c t r o n i c  c h a r g e ,  e.
I'''ig. .‘{.6 s h o w s  t h e  d e p e n d e n c e  оГ t h e  g r o u n d  s t a t e  e n e r g y  u p o n  t h e  mllTiber оГ 
p a r t i c l e s  in c a s e  ol l u 'g a t i v i ' - t /  a n d  posi t ivx'  / /  H u b b a r d  m o d e l s  a s s u m i n g  V ~  0 
a n d  W =  0. .Such d e p e n d e n c e s  аг(< t y p i c a l  Го1· ai iy  v a l u e  оГ |/,/ | .  T h e r e  c l e a r l y  is 
t h e  p a i r i n g  ('1Гес1, wluui  U <  0 a n d  tlii'i'C' is По s ign  оГ p a i r i n g  a t  fJ >  0.
'Pes t s  lor  p a l l i n g  in t h e  c o n t r a c t i o n  V', I P - m o d e l s  {V  ф H — hH =  0 a n d  
IT  Ф 0 , U — V 0 , r ( 'sp( 'c t iv ( ' ly )  arc' s h o w n  in P'igs. IP7,.T8.  T h e  rc'sillts
a r e  in a g r e e m e n t  w i t h  o u r  p e r t u r b a t i v e  c a l c u l a t i o n  оГ | ) rev io i l s  .scx.tion a n d  w i t h  
i t s  e x t e n s i o n  lor  t h e  i n t e r m e d i a t e  a n d  s t r o n g  c o u p l i n g  l i m i t s  |K |  >  /., | 1T |  >  /-. 
S i n c e  c h e m i c a l  p o t e n t i a l  is n e g a t i v e  be low  t h e  haJ l -n l l i l ig  a n d  p o s i t i v e  a b o v e  t h e  
ha. ir-ri l l ing,  t h e r e  is no  p a i r i n g  in t h e  Гогпи'Г c a s e  ( I T  —> O '") a n d  t h e r e  is a  s ign  
of | )a. i r ing in t h e  l a t t e r  c a s e  ( I T  > 0), in a c c o r d  w i t h  t h e  v a l u e  оГ the.' c'llec tivc 
c o u p l i n g  c o n s t a n t  It  =  IT -|- i^/V . .Simi la rly,  lor IT  i 0 bc' low t l i e  ha l l - f i l l i ng  
t h e r e  is a  s ign  o f  p a i r i n g  (A, ,  Ф 0) w h i l e  above '  t h e  ha i r - f i l l ing  tllcrre is no  p a i r i n g .  
T h e s e  r e s u l t s  a r e  s u m m a r i z e d  in T a b l e  I.
F or  l a r g e r  va.lues of  t h e  i n t e r a c t i o n  p a i a l n e te l ' S ,  t l i e  ) ) e r tu rb a . t iv e  r e s u l t s  d o  
n o t  r e m a i n  ap p l i ca .b le  a n y m o r e ,  h'ig. .'b!)b s h o w s  t h e  d e p e n d e n c e  o f  t h e  p a r i t y  
ga.p A p  u p o n  t h e  s t r e l i g t l i  o f  t h e  i n t e r a c t i o n .  I'Yom Fig .  3 .9  i t  is s e e n  t h a t  
t h e  IT  in te r a .c t i o n  i n t r o d u c e s  a  “s i g n a t u r e ' ” e)f p a i r i n g  in a. s i m i l a r  w a y  as  t h e
Hiaptcv 3. CotiU'rictioii Adechfinisni of High 3cinperal,urc Siil>ci'coii(lucl.iviiy ЗА
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Figure 3.6: (iroiliKl s i a i c  cruMgy v c i s n s  n u m b e r  o f  |)a.rl.iclcs Гог iJ ф 0 a lu l  
F  =  VV =  0
D e p e n d e n c e  of  l.lie groi iml  sl.al,e ene rgy  Upon t.lie mi lnber  of  partido^s with (J ф 0 and  
V = W  =  0. (a )  1ч)Г U < 0, ilic |)a.iiiiig elTecl. is d e a r l y  seen,  (b)  I''or V > 0, l.lu'ie is 
ho pai r ing .
Vr.d
Ш ?0
(l>)
Vr. ./1
Figure 3.7: ( ¡ 101111(1 s i ,a le  e n e l g y  vc'Isiih m l i n b e r  oC par i ie lc ' s  for V ^  0 
D e p e n d e n c e  of  ilie g ro u n d  s l a t e  ene lgy  upon the  ni l inber of  part ic les with V 7^  0 and 
U ^ ^  0. (h )  ]}„th for V > 0 and  V < 0, a f o n n d  th e  hall-rdl ing,  th e re  is a
rela t ive ly  smal le r  pai t i i ig efFect.
n e g a t i v e - / /  i n t e r a c t i o n  d oes .  T l i e  p o s s i b i l i t y  ol t h e  ‘4: o n t r a c t i o n ” p a i l i n g  h a s  
in v e s t i g a . t e d  forn ie t ' ly  ill l i te ra . tn i ’C'. '·
'7ífl.píer 3. (Joliti’íwtioti Mcclmliism olHigh 'IhiupciHurc Silpercolicltlctivity r,r,
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t ' i g u r e  3 . 8 :  ( i ro i i i i d  s i a i r  r n r r g y  v e r s u s  i i i lml )er  оГ p a r i i c l e s  ГоГ ф 0 
Depoiiclonce of  l;bc g ro u n d  s l a t e  energy  Upon the  min iber  of  par t ic les with W ф 0 and  
(J — V 0. ( a ) ,  (b )  Both For W > 0 and  0, the re  is a  m o te  pronou nced  pa ir ing 
eFFect below the  halF-Filling.
и  =  W =  0 V =  V =  0
V ->  0+ \/  () - W -> 0+ W  -> 0-
b e l o w  | | а 1Г-П| | |п^
(/■ <  0)
A „  =  0
(l io ( la i r iug)
A,,  Ф 0 
( p a i r i n g )
A p  =  0
(n o  j ia i r i i ig )
A p Ф 0 
( p a i r i n g )
a b o v e  haJF il l tillg 
( , .  >  0)
A p  Ф 0 
( p a i r i n g )
A p  =  0
( n o  p a i r i n g )
A p  Ф 0 
( p a i r i n g )
A p  =  0
( n o  p a i r i n g )
T a b l e  3 . 1 :  ( Joinpa. r iso ii  oF a n a l y t i c a l  a n d  n u m e r i c a l  r e s u l t s  For t h e  
p a r fU r i e te r
l^i i r ing eiFect For a rb i t ra r i ly  small  values oF V and IV, c o m p u t e d  by exa c t  
d iagonaliza tioi i  oF the  Hami l to n ia n .  T h e  results  p resented here a re  in co m p le te  
a g r e e m e n t  with the  p(U'tiirbative calculat ions .
3.4.2 Flux quantization
r i i l x  q i . l an l izaUol i  i.s a i io U ic r  s ig i t a i i i r o  o f  Kii | )orcoli(li ld.ivil ,y w h i c h  is a  c.olisc- 
( | i ic i icc  o f  l.hc M(íÍHsii('i· (■.íΓ(χ·.l.. 'I ' liis “a iiol i i i i loi i s” iliix (|(iaiiU/,al.ioii si iggcsl .s  iJial., 
ill a  s i i p e t c o i u l a c i i n g  p h a s e  Hew ui i i i  o f  flux is <l>o/2  d u e  (,o pl’ese l ic e  o f  p a i r s  ill 
i h e  g r o u n d  s i a i e .  VVe l.esf.ed (.he m o d e l  for (.he per iod ic i l ,y  o f  (.lie flllx d e p e l i d e u c e  
o f  (.he g r o u n d  s(,al.e eiu' .rgy wil.h (,he pc'i iod <l>( =  kc/2c a s  c o m p a i e d  (.o l.he p e r i o d
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F i g U t e  3 -9 : l)c|)cii(Jciic(;  o f  l.lui pai  i iy  |)ala.irici.cl· ilpoli  U, V a n d  W  
D e p e n d e n c e  of  l;he pa r i ty  p a r a m e t e r  A,, upon D (br var ious values of  W  and  V below 
tlie half-iilliug. (a )  shows  t h a t  for posi t ive / /  l l id)l)ard model ,  th e re  is no sign of  pair ing,  
(h)  N on-zero  values of  W  favors pair ing,  (c) I'lifect of  V is still s o m e w h a t  obsc t i fed.
<l)„ =  hc/c in t h e  l i o n - i l i t e r a c t i l ig  s y s i e n t . ' ' ’ "  D i i fo l i t l i i a te ly ,  t h e  ev e n  h a r m o n i c s  
o f  <T)o-|)eriodic d e p e n d e l i c e  of  t h e  g r o u n d  s t a t e  e n e r g y  ( a n d  lela. ted to  i t ,  t h e  
h a r i n o l i i c s  o f  t l i e  p e r s i s t e n t  c n r i ( u i t  ./ := nia.y s i i m d a t e  t h e  p a i r i n g
in a, n o n - s i i p e r e o i i d n c t i v e  . sys tem.  S m a l l - s i z e  (m e ,s osc op ic )  s y s t e m  c a n  ma.sl< t h e  
s u p e r c o n d u c t i n g  b e h a v i o r . ' *  h' lux <|Ua.ntiza.tion in I h d r h a r d  I l a l n i l t o l n a l t s  wa.s 
s t u d i e d  f o r m e r l y  in R e f s . ' ” ^ "  R e fo r e  d iscu . ssing  t h e  c u b i c  c l u s t e r ,  we  s h o w  t h e  
flux ( lUan t iz a t io i )  in I - d i m e l i s i o n a l  H u b b a r d  r ing.
l-Diinelisioim l niiig - Missing states of Lieb-Wii solution
I - DitTKiiisional I lrdrba . rd tn o d e l  is v (uy  i m p o r t a . n t  ill t h e  s e n s e  t h a t  i t  is o n e  ol 
t h e  few exa.rd.ly solva.ble noi i - t r ivia. l  n u n h ' l s .  I liils, i t  s e r v e s  as  a  ba.sis o f  t e s t  lol 
m a n y  m e t h o d s .  N m a n t h e l e s s ,  t h e  R e t l n ' - a l i s a t z  e q u a t i o n s  d e r i v e d  by  bic'b a n d  
W u ^ '  a.re n o t  c o m p l e t e .  I 'his  w a s  s h o w n  Ix ' fo le  lor  t h e  c a s e  o f  t w o  e l e c t i o n s .  
T h e  m i s s i n g  t r i v i a l  s t a t e  c o r r e s p o n d s  to  t h e  m i n i l n u r n  e n e r g y  ill . some s i t u a t i o n s  
( F i g .  d . lO ) .  ( ! o n t r a . c t io n  m e c h a n i s m  is a l s o  s t u d i e d  in sucl i  a  o n e  d i m e n s i o n a l  
r in g .  A i )ha se  d ia .gra ln  for  bo l i l id  s ta . te  ol t w o  e l e c t r o n s  is s h o w n  in l· ig. d . i l .  
N o t e  t h a t  for t w o  e l e c t r o n s ,  m i i l t i p l ic a t i v ( '  I .erm,  F ,  d o e s  n o t  p l a y  a  to le .
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Figure 3.10: [ ' ' lux ( lc | )elKlc ' iuc o f  IIk' one climeiiRioiiaJ rilil)l)al'(l tviodel 
(a )  show s  (,lia.l, in I-(liiiu'hsional llnl)l);u(l iiiodol, (or |)osiiivo (/, gioiiiul  s(.a.l,e energy  
of  (:wo elec t ron s  has an /le/' ir; per iodic c o m p o n e n t .  'I’his c o m p o n e n t  call no t  lie round 
by idel)-Wn solut ion to J -  d l i n h h a r d  model,  (h )  l■’or  t;he a t t r a c t i v e  p o ten t ia l ,  g r o u n d  
s t a t e  is given comple te ly  by b ieb-Wn solut ion.  In (c) we show d e lec t rons  in 10 la t t i c e  
s i tes  on  t h e  r ing with an a t t r a c t i v e  in te rac t ion .
Cubic cluster
W c  f i r st  ( I m n o l i s t r a t c  t h e  b e l i a v i o r  of  tlic' g r o u n d  states e n e r g y  w i t h  rc-spexd, to  
flux ill l-’ig. 3 . 12 . A c h a r a e i e r i s t i c  f e a t u r e  of  i iu ' s o se o p ic  s y s t e m  s u g g e s t s  t h a t  
a d d i t i o n  o f  o n e  e x t r a  p a r t i c l e  to  t h e  s y s t e m  c h a n g e s  i l i e  s ign  of  t h e  der r iva t ive  
o f  t h e  g r o u n d  s t a t e  e l i e l g y  w i t h  rc 'spee i  t o  m a g n e t i c  f lux a t  =  0 . T h a t  is, 
d e p e n d i n g  on t h e  p a r i t y  o f  t h e  n i i m h e r  o f  p a r t i c l e s  a n d  oil t h e  n u m b e r  o f  s i t e s ,  
s y s t e m  c a n  c h a n g e  f r om  paramagi t<d . ic  to  d i a m a g n e t i c  s t a t e  o f  vicxi v e r s a .  B u t  
t h i s  b e h a v i o i '  is n o t  a l w a y s  o b s e r v e d  lor  t h e  c u b i c  g c x n n e t r y  s t u d i e d ,  h / x c e p t  t h e  
s ign  cha.ngc'  Irolii  ?i =  2 t o  u  ~  3 a.ml I r om  h 7 t o  ii ~  «S, nci slic.li beha .vlol  
is sc'en.  As  m en t i o iK x l  a b o v e ,  h o w e v e r ,  t h e  < i) | -per iodic  c o m p o n e n t  o f  t h e  A’(<1>) 
d e p e n d e n c e  bc 'gins  to  a p p e a r  a t  t h e  h i g h e r  v a lu e  o f  n  (h' ig.  3 . 12c) .  I 'br b o t h  
c o n t r a c t i o n  p a r a m e t e r s  ecjUal t o  ze ro ,  i.e.  IT -  V -  0 , w e  o l i s e rv e  appea , ranc :e  of  
t h e  /i ,c/2e - p e r i o d i c  c x im p o n e l i t  for s o m e  value's o f  V  (F ig .  3 .13) .
h'/Veli for posi t ive;  ( r epu ls ive ' )  vahie;s eif / / ,  i t  is peissible to  se'c a  leic.al 
m i n i m u m  a p p e ' a r i n g  a t  T  =  lic/2c (F ig .  3 .13 ) .  3 'h i s  is in a g r c j e m e n t  w i t h  
t h e  a u t h o r ’s p r e v i o u s  works.^'^· '” B u t  t h i s  m i n i m u m ,  w h ic h  d o e s  n o t  l ead  to  
a n  e 'x ac t  p e r i o d i c i t y  o f  t h e  g r o u n d  s t a t e  c' l iergy w i t h  a  perioel  T o / 2 , shoule l Hot
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F i g u r e  3 . 1 1 :  P l i a s c  8l )acc lo r  boi i lu l  si,al.es ol l-wo e le c i t 'o u s  in i -d i l r ic t l s io l ia l
'Hie  legion abo ve  I,lie c.ill ve (ories | )ol i( ls l.o I'ree |)io|>a.gal,iiig s t a le s ,  while the  region 
below ('.orres()oii(ls to the  bou nd s ta l l ' s  ol two e lec t rons  wi thin th e  colltra.ctioli liiodel. 
' I 'he solid line shows the  eq ua t io n  U =  - W { W  -- 2 )/:.’( w he re  F |  =  - 4  cos/? for even n 
and  E\ =  -4  cos/lcoslTT/yV) for odd  n (/? =  Q/2 |- o·, Q is th e  to ta l  momelit i l l i i  o f  two 
e lec t rons ,  n· (27г/Л')(*1>/Ф())).
” I) 0 ? 0 -1 on on 1
Figure 3.12: ( ¡ ro t l r id  s t a t e  ciierg,y v e r s u s  m a g l i e t i c  iltlx for  t l i e  l io i i - i i i t e la c t i l i g
SVf
l)er»elidetice of  th e  gloll l id s t a t e  energy  п |юп iiiagnetic. i l l lx . (a ) , (b) ,  alid (c) Noli- 
intera .ct ing systelTi, all th re e  intera.ctioii |)a.railieters a.re zero,  i.c. V ~ W =  F  =  0.
I)e a t t r i b u t e d  t o  s u p e r c o r i d u c t i v i t y ,  t h i s  is r a t h e r  a  c h a r a c t e r i s t i c  b e l i a v i o r  in
('ha.picr 3. ContvacUon hácclnwisni o í High 3cinpcj¿Uurc Slii)crcori(liicl.ivil.y Г)9
f  -6.5fi
(л)
w.
F i g u r e  3 . 1 3 ;  (!loUiK.I s i a i c  e n e r g y  v e r s u s  m a g n e U c  illlx for I/ 0 
D e p e n d e n c e  of 1.Ье groiilul si,a i e  ene rgy  Upon magiHîiic ihlx. (Jonirn.ciion p a r a n i e i e i s  
a r e  boil) ze ro,  i.e. W = V =  0, only ilie on si ie in ie rac i ion  p a r a i n e i e r  1) is nonzero.  
Dnergy  has  a  nioi'e p ro nounc ed  Фп/2  c o m p o n e n i  in nega tive  U case, (a ) ,  then  posi t ive Ü 
case  (b) .  t lowevei’, ex is tence of  Фо/2  com pone i i t  in ( 1)) should no t  direc tly  be a t t r ib n t ( 'd  
to sn perco n d n e t i v i t y .
m e s o s c o ) ) i c s y s  tr; ins.
Dor II <  0 ( w h i l e  W  =  V =-- 0 ), th( '  e x p i ' e t e d  i n e s o s c o p i e  b e h a v i o r ,  tha t,  is 
t h e  c h a n g e  o f  t h e  s ign of  t h e  s l o p e  ol g r o u n d  s t a t e  e l l e l g y  a t  Ф =  0, s t a r t s  t o  
d e m o n s t r a t e  i t se l f  (h' ig.  3 . H ) .  I b i t  t h i s  h a p p e n s  a t  sn l l i c ie i i t ly  l a r g e  a b s o l u t e  
v a l u e s  o f  (ne ga . t iv e)  П. I 'or o t h e r  va lue s  o f  D ,  h o w e v e r ,  t h e i e  is no  s l id )  c h a n g e .
bdore  p r o n o u n c e d  /i.f;/2e - p e r i o d i e  c o m p o iK ' i i t s  a r e  obse rvc 'd  wit l i  t h e  i n t r o d u c ­
t i o n  o f  n o n - z e r o  in te ra .c t io i i  para.inel.( ' rs.  T I k ; ro le  ol W  oil t h e  g r o u n d  s t a t e  
e n e r g y ,  w h e n  b o t h  IJ a n d  V a r e  z e ro ,  is s h o w n  in Dig. .3.15. b4ea. l iwhile . se t t ing  
b o t h  IJ a n d  W  t o  z e l o  a n d  ob ,se rv ing  t lu '  ( ' ffect ol t h e  n o l i - ze ro  V s h o w s  tha . t  V 
d o e s  n o t  pla.y a  ro le as  s i g n i f i c a n t  as  the'  o t l u ' r  tw o  tntera.c. t ion p a r a m e t e r s  do .  
' f’h e r c  is n o t  m u c h  d i f f e r e n c e  in t h e  b e f ia v io r  of  I,he g r o u n d  s t a t e  c t i e i g y  U|)on 
m a g n e t i c  flux b e t w e e n  t h e  z e r o  a n d  noi i -zc ' io  V ( fo r  e x a m p l e  F  =  - 1) ca se s .
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FigUfe 3.14: (jpoiind siaic energy vei.sn.s ma.glieiic flux for U ф 0 (2) 
Comparing (a) wil.h Mg. ‘1.12b d('arly shows Uiai the rhaiigo in Iho parity of the 
nnmber of particles for the case of negative C values introduces a sign change in the 
slope of Е(Ф) at Ф = 0.
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Figure 3.15: ( ¡ ro i i iu l  sl.al.c ( ' i i r i g y  v r i s d s  rnagiK 'Uc iliix for W  ф 0 
On-siU', i l i icrad. ioii  |)aiaiiicl.at· V and  oiio of  Idle сопи ас .и оп  pai'aMieiefS, F ,  <uo zero, 
л и  plots  c o i r e s p o n d  to tlie noii-zoro in te rac t ion  p a r a m e t o f  W  =  - I  . All plot s  sugges t  
t h a t  n o n -z e io  W  Cavors Фо/2  periodicity.  Wlieii coirdymed with th e  pa r i ty  g a p  resul t s ,  
we can  p ro po se  t h a t  W in t r oduce s  pai r ing ,  hence sup er co nd uct iv i ty .
Chapter 4
Conclusions
In c o n c l u s i o n ,  wv. ol)l,;iilic(l l('snll,s for I,Ik ' par il .y (îii’od ,  by  s i , t idy ing  i l u '  | )a if i l ig  
f lc i ıu i l io n ia ı ı  w i i h  f ixed n t lmbel·  o f  p a r i i c b ' s  lor  sn | )e rcoiKİnc .i ivi l ;y in nll,r<asinall 
g r a i n s .  W e  s h o w e d  ilial, o n r  resnil .s a r e  in g o o d  a g ree in en l ,  wil l)  | ) rev io l t s  i n i l n e r ic a l  
a n d  aiialyl . i i  aJ w o r k  for I,lie non  d<'g<'iK'ra.l,(' ( a s ( \  H o w e v e r ,  o n r  sl .i ldy c o l i s i dc ' i a b ly  
e x i e n d s  u p p e r  l i m i t s  o f  c o m p t l t a t i o n a l l y  a.ebi(' .vable lKind)er  o f  piri ls  by  u s i n g  a  
lo n g  fo rg o U e i i  a n a l y t i c a l  s o l u t i o n  by  H. icl ia rdson a n d  S l i e r m a i l . ' ’' W i t h  sileli  bigli  
vaJi ies o f  l evels  i i ic. lnded in t l i e  c a l c n l a t io l i s ,  w(' o b s e r v e  v e r y  i n t e r e s t i n g  b e h a v i o r s  
o f  t h e  p a r i t y  p a r a m e t e r .  I t  is i m p o s s i b l e  to  o b s e r v e  t h e s e  b e h a v i o r s  w i t h  s l i i a l le r  
n u m b e r  o f  leve ls .  M o r e o v e r ,  w(> s t n d i ( 'd  t h e  m o d e l  in c a s e  o f  degene ra .cy ,  a.s 
well .  W e  d i s c u s s e d  t h e  p o s s i b i l i t y  of  ded n c . in g  t h e  level de g e n e ra ,c y  d i r e c t l y  b y  
e x p e r i m e n t a l  da.ta.. W e  obta . in  r e s u l t s  s n g g ( ' s t i n g  tha. t  p a r i t y  e f fec t  rema.i i is  non·· 
Z(;ro e v e n  in c a s e  of  h ig h  level  degeii<'ra.cy. W(' c o m p a r e d  oi l r  r e s u l t s  to  a.na.lytic,a.l 
Ixisnlts o f  R i c h a r d s o n  a n d  . S h e r m a i r ’ ' for a. s in g le  level .  O i i r  c o m p a r i s o n  s h o w s  
v e r y  g o o d  a g r e e m e n t  w i t h  p r e d i c t i o n s .
in t h e  s e c o n d  pa.rl., we  s tn d ic 'd  t h e  p e c u l i a r i t y  of  e l e c t r o n  c o n d u c t i o n  ill 
. s y s te m s  in w h i c h  c o n d u c t i o n  b a n d  is dc'i ivi 'd f r o m  t l i e  a t o m i c  sh e l l s  w i t h  a  s m a l l  
n u m b e r  o f  e l e c t r o n s  {Nr)  in a.n a t o m .  .Siicli m a t e r i a l s  ma,y i n c l u d e  o x y g e n  {N,. =  8) 
in t h e  ox i d i ' s ,  ca.rl)()li (N,. =  6) ill bo roca . rb id( ' s  (e .g.  b l ı N İ2H 2( l ) ,  h y d r o g e n  {N,· — 
f )  ill s o m e  m e t a l s  (e .g . ,  I’d - H ) .  .So i i k ' m a t e i  ials o f  t h i s  k in d  a r c  s n p e r c o l i d n c t o r s .  
i t  w a s  a r g u e d  t h a t  t l i e  C o u l o m b  (dfec ts  w i t h i n  t h e  a t o m s  s t r o n g l y  in n i i e i i c e
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I,Ik ' i i i l .cr-al .oin w;i.v(  ^ (iilicl.ioil ov('tl;i.|) Im'Iavch'II I,lie a l o l l i i c  .sil.es aiu.l l , l i e le (b ie  
I,he e le d . r o i i  h o p p i n g  a i r i p l i i in l e  Ix ' l w een  I,he sil,es. ' I ' he  p h e i i o f n e n o l o g y  of  
s n e h  eoiiihlc.l . ion m e c h a n i s m  resnil .s  in a  nove l ,  to  t h e  c o n v e n t i o n a l  so l i d  s t a t e  
t h e o r y ,  i l a .mi l ton ia . i is  c a lh 'd  t h e  o c c n p a . t io n - ( l< 'p ( 'n ( len t - i lo pp in g  (ol· c.ontra.c.tion) 
i I a m i l to n ia . l i s ,  s p e c i t ie d  w i t h  t h e  t w o  c o u p l i n g  | ) a . r a m e te r s  V, W. W e  t h e n  
a t t e m p t e d  a. s t u d y  of  s u p e l c o n d l i e t i v i t y  in s u c h  . syste lns  wit l i i l i  t h e  B C S - t y p e  
a p p r o a c h  a . s s u m in g  t h e  C o o p e r  p a i r i n g  of  e h ' c t r o l i s .  T h e  w e a k - c o U p l i n g  l i m i t  
a l l o w s  d e i . e r m i n a t i o n  of  t h e  r a n g e  o f  p a r a m e t e r s  C ,  W  v a lu e s  a n d  a l s o  ol t h e  i n ­
s i t e  C o u l o m I )  i n t e r a c t i o n  U v a lu e  w h ic h  s h o w  l.he C o o p e r  i n s t a b i l i t y .  T h e  s t r o n g -  
c o u p l i n g  limil .  w a s  a .ddressed  by a. n u m e r i c  c a l c i d a t i o n  on  f in i te  cJ l i s te rs  Using l.he 
no v e l  a . Ig o r i th m  (of  n o n - L a n e z o s  t y p e )  for < ' igenva lues ol l a rg e  s p a r s e  m a t r i c e s .  
O n e  o f  t h e  l e s i d t s  o f  t h i s  n u m e r i c  ca. lcida. t ion was  t h a t  t h e  p o s i t i v e - / /  H u b b a r d  
m o d e l ,  s o m e t i m e s  b e l i e v e d  to  b e  a  c a .n d i d a t e  lor high-7)^ s u p e r c o n d u c t i v i t y ,  doef 
n o t  coiri);)ly w i t h  t l i e  goa.l.
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Appendices
A .l Numerical diagonalization of the model 
Hamiltonian
W o  will  c a l r u l a i o  l.ho g ro i i m l  s l a i o  o i i o ig3' o f  p a i r i n g  l l a l i i i l i o ln a l t  (2 .2 0 )  for  
n — 2 /V — I , . . .  ‘IN  -\-'Ы (n is i,lio m i m b o r  оГ s in g le  p a r t i o l e s ) .  (or a  v a l u e  ol A
a. s i t b r o u i i l i e  b u i l d _ h a m i l t o h  is r a i l e d  Iroin  Uie m a i n  p r o g r a m .  I Iris s l lb rol t l . ine  
co i i s ( . ruc ts  i b e  Ilai i i iUioniart  II a n d  rel .ni l is  (.be conl , rol  (.o (.lie m a i n  p ro g la .m .  
(Vla.in p r o g r a m  (.lien ca l l s  arioi , lter snbroiii . iiic; wliicli  is na l iux l  as  s p r s _ e i g  (or 
caJcu(a( . ing  (.lie lowesi, ly in g  e ige l iva l i l e  o( (.lie sys( ,em.  Wl ic r i  al l  2 d -(-2 e ige i iva l i t es  
a r e  c a lc u la i . e d ,  Д, ,  is ob(.a. ined ea s i l y  a l id  A , , / A  a n d  i^ /A  va lu es  c o r r e s p o n d i n g  (.o 
(,liis A v a l u e  is wril.l.eli io  a  (ile. T h e n  (,he p r o c e d u r e  is repea( ,ed  for a  n e w  v a l u e  
o f  A u p  (,o A =  0..5.
АЛЛ Construction of the Hamiltonian
O n  inpul . ,  n u t n l i e r  o f  s in g le  parl . ic les n a n d  A is sold. l.o (.lie ronl . i l ie 
b u i l d J i a r a i l t o n .  A c c o r d i n g  (.o (.lie v a lu e  of  ?/., (.he rou( , ine  d e c i d e s  w h i c h  level 
s h o u l d  b e  “ b l o c k e d ” a n d  de t .e r ln i l i es  (.he scd. .%■ S in c e  we  a r e  d e a l i n g  o n l y  w i t h
().1
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p a i r s  not. s i n g l e  p a r t i c l e s ,  t h e  ( l in lensiol i  o f  t lu '  H a m i l t o n i a n  is:
/ /  -  d(n\ -f  U2 4- I ),
(or e v e n  n u m b e r  ol pa.l l.icles, a iul
U  =  d { 7 l \  -I- П2 -I- I ) -  I,
( Л . 1 )
( A . 2 )
for 0(1(1 n u m b e r  o f  p a r t i c b ' s ,  t h a t  is vvlu'li a  s i n g ly  o c c u p i e d  level  is b lo c k e d .
N e x t  we  s i .a r t  c o i i s t r u c t i i i g  t h e  “c o r r e c t ” s t a t e  v e c to r s .  Wl ie t ' e  “c o r r e c t ” 
m e a n s ,  a  s t a t e  v e c t o r  c o r r e s p o n d i n g  to  co i ix ' c t  t n m d ) e r  o f  p a i r s .  W e  d e n o t e  a  
s t a t e  vcictor s u c h  as
vn·) = 1, 0 ) ,
l)y t l i e  fo l lo w in g  t w o  d i m e n s i o n a l  ari-a.y
n(A:,:) =  ( ! , ( , . . . 1 , 0).
(A , : | )
( A S )
( H e r e ,  “ :” denóteos all e l e m e n t s  of  t h e  a r r a y  ill tha. t  d i m e n s i o n . )  T i n t s  i t  is ea.,sy 
t o  i n t r o d u c e  t l i e  c o n s t r a i n t  w h ic h  is i m p o s e d  by t h e  n u m b e r  o f  p a r t i c l e s  n on (.he 
i n p u t :
=  (A.r.)
/  ./■
t h i s  v a l u e  s h o u l d  b e  e ( | l la l  (.o n/2 for e v e n  n ,  a n d  to  {n — l ) /2  for o d d  n .  í ,c t  
us d e n o t e  t h e  n u m b e r  o f  pa.irs by n\. ' I’lu'll cl ( ' ar ly,  ?il Is call  b e  p h i c e d  in Id. 
p o s i t i o n s  in
f i ·^
//!
(A. ( i)
d i f r e r e n t  wa.ys. T h u s ,  t h e  i n d e x  I,: r u n s  f r om  I to  / / . .  T l H ' i e f o le  m e m o r y  for  t h e  
arivay u ( : , :) is a l l o c a t e d  as  fl. in first  d i m e n s i o n  a n d  as  / /  in t h e  .second d i m e n s i o n .
l b  m a n a g e  to  Use m e m o r y  in t h e  mosi.  e f f ic ien t  wa.y, we  s l ioUld d e t e r m i n e  t h e  
t o t a l  n u m b e r  o f  n o l i -x e lo  e l e m e n t s  in t h e  m a t r i x  ill t h e  v e ry  b e g i n n i n g .  Hecau.se 
t h e  r e s u l t i n g  m a t r i x  is e jui te  s p a r s e  ( t h a t  is m o s t  o f  i ts  e l e m e n t s  a r e  z e r o s ) ,  a n d  
s t o r i n g  all e le m e n l . s  i n c l u d i n g  t h e  z e ro s  is a  w a s t e  o f  m e m o r y  (a l so  w a s t e  o f  epU 
t i m e  o f  c o u r s e ,  h o w e v e r  m e m o r y  r ( ' s t r i c t io n s  a r e  m u c h  m o r e  s e v e r e  t h a n  r u n  t i m e
A ppcixHccs fjr,
rr sl . i ' i c i ioi is  ill s u c h  a  p lo h h 'U i ) .  l·’il'sl,lз' l.lu'r(' a r c  Jl r l i agona l  ch ' l i icnLs.  Sr 'coiul  
l.c.rm o f  / /  (I'xi· 2 .20 )  jusl ,  i i i i c ic l ia i ig i ' s  o iu '  I w i i h  o n e  0. T l i c r e  a l e  U — n\ Os 
ill l.he a r r a y  (w e  c o n s i d e r  Uie firsi, i n d e x  is f ixed) ,  a n d  ?i.l Is.  f l e n c e  (die m i l n h e r  
o f  n o n - z e r o  i n a l r i x  e l e m e n t s  is n.I x  (II — ? / l) .  S in c e  t h e r e  a r e  ft  di iTerel i t  s t a t e  
v e c t o r s  tha. t  w e  c o n s i d e r ,  t o t a l  n n i n h e r  c)f n o n - z e r o  e l e m e n t s  h e c o tn e s :
f t  -I- f t  X n I X ( / /  — ? i l ). ( A . 7)
N e x t ,  n ( : , : )  a r r a y  is d e t e f m i n e d  w i t h  t h e  g iv en  c o l i s t f a i n t .  S i n c e  t l i e  al l a y  is 
co m p o .s e d  o f  o n l y  Is a n d  Os, we lise h i n a r y  n n n d ) e r s  in c o n s t r u c t i n g  t h e  arra.y.
A f t e r  t iu;  d e t e r m i n a . t i o n  of  t h e  sta . te  v e c to r s  ( t h a t  is t h e  a r r a y  n ( : , : )) ,  we  first  
c a l c u l a t e  t h e  dia.gonal  e l e m e n t s .  It is ve ry  (vrsy to  w r i t e  d o w n  t h e  c o n t r i b u t i o n  of  
t h e  fi rst  t e r m  o f  l ' ' /((nation 2.20 by u s i n g  t lu '  e ( s O  n.rray:
I .?
( A . 8)
W e  s h o u l d  l)e e x t r e m e l y  ca re f u l  wli i le  co l i s id in i i ig  t h e  d e g e n e r a t e  ca.se. B e c a u s e ,  
in s t lch  a  ca,se, Cj a r e  n o t  g o i n g  to  be  s i m p l y  j(). R a t h e r ,  i t  will  l)c | | ( j  — l ) /d | | (^.  
d 'h i s  n e e d s  t o  b e  m o d i f i e d  e v e n  l u i t h e r  lor t h e  o d d  n u m b e r  ol s i l ig le  pa. r t icles .  
A n o t h e r  c o n t r i b u t i o n  t o  t h e  d i a g o n a l  ( ' h ' l n e n t s  o f  I,he m a t r i x  c o m e s  f r o m  t h e  
. second  t e r m  o f  i.he H a m i l t o n i a n  (l 'k| .  2 .20 )  a.s - A  n\. O n e  final c o n t r i b u t i o n  is 
d u e  t o  s h i f t  o f  t h e  c l i e m i c a l  p o t e n t i a l  //.. S in c e ,  for a  n o n z e r o  c h e m i c a l  p o t e n t i a l  
we  h a v e  l.o w r i t e  Cj a s  — //., i t s  ( 'ou i. r i l )ut ion  is o n l y  t o  t h e  d i a g o n a l  tcUms a.lid 
t h i s  c o n t r i b u t i o n  is e( | i lal  to  - 2  x  n  l x  //. T h i s  c o m p l e t e s  t h e  c a l c u l a t i o n  ol t h e  
d i a g o n a l  e l e i n e n t s  ol t h e  l Ia .mil tonia. i l  (l 'x| .  2 .20) .
N e x t  we  c a l c u l a t e  t h e  ofr-dia.golial  e l e m e n t s .  ' I’l iese e l e l n e i l t s  c o r r e s p o n d  to  t h e  
s e c o n d  o | ) e r a t o r  o f  / /  (l 'k| .  2 .20), t h a t  is, tlu'.y c o r r e s p o n d  to  p a i r - p a i r  i n t e r a c t i o n ,  
b e t  US c o n s i d e r  w h a t  will happ( ' i i  to  off d i a g o n a l  e l e m e n t s  w i t h  t h e  fo l lo win g
(A.O)
rxa-in pl(X
b o c a l i s e  for /*' -  0 a i id  /  =  -  I it- l i o n - ' / n o .  \U\i ihi.s is i l io o n l y  p o s s i b le  ( / , / )  
c o t i ib i i i a i io i i  wliicli  g iv es  a  —A S (‘on l . l ' İbul ioı ı  io  i l i e  cori ' es | )oi ıcl İng oir-cliagoiial
AppetHİiccs. fifi
e  tc;ı II eti I,. Í1 o w e  ve r ;
( l , l , ( ) , ( ) , ( ) | / ı } V | ( ) , 0, l , l , 0) = 0 , (A.10)
(or ali  ( / , / ' ^  eotiıbit ıal . ion.s.  A ga i ı ı ,  wiUı i l ıe  ııse o f  atlvay a(:,:) ii İR v p fy  e a s y  l,o 
d e l , e r m i n e  wlı ic | ı  oiF d i a g o l ı a l s  a l e  v,ero al ıd  w l l id i  a l e  l ıo i ı -ze io  a n d  s i m | ) Jy  g iv e  
— A S. (Jon.Rİfler t l ıe  a b o v e  exa l t l | d ( ' s ,  (of 1,1le (ir,sİ, o n e
a n d  fo r  i l ı e  s e c o n d  o n e
J ^ | e ( Á ; , i )  -  í>(Á:',i)|  =  2 ,
(A.12)
' I’İUİR, İ le re  is i l ı e  s i m p l e  fille; If i l ıe  s im i  o f  a b s o l ı l i e  v a lu e s  o f  d i f l e r e n e e s  ol 
e l o m e n i s  o f  v{k, : )  a n d  n ( / c ' , :) i··^ e q u a l  io  2 i l ıen  l l {k,k' )  =  —Aı^, o i l i e r w i s e  i i  is 
0. Al ’i e r  i l ı is  l a s i  s i e p ,  co l ı i ro l  pa ss e s  b a c k  i o  i l ı e  m ai l i  p r o g r a m .  N ı j i e  i l ı a i  vve 
lise an  i n d e x e d  s i o r a g e  sc l ıet ı ı e  wliicli  is c o n v e n i e l ı i  lof  m e m o r y  wise  i.sslıes lor 
s i o r i n g  i l ı e  r e s n l i i n g  l a rg e  spa.r.se imvir ix.
A, 1.2 Calculation of the lowest lying eigenvalue of the 
sparse system
F o r  s o l v i n g  i l i e  s p a r s e  s y s i e m s  of  bo i l i  ( d i a p i e r  2 a n d  ( ¡ l i a p i e r  '{, we i n i p le i n e i i i e d  
a  n e w  a l g o r i i b l i i  o( o l l ls .  T h e  lo wes i  ly in g  ( ' ige i iva lue  o( i l ie  l es i l l i i l lg  n i a i l i x  is 
c a J c n l a i e d  by  i l i e  r o i i i in e  s p r s _ . e i g .  I’ l i rposi '  o f  (.lie ro i i i i i i e  is io  find i l ie  m i n i m u m  
e i g e n v a l u e  o f  a  c o m p l e x  i l e r m i i i a n  i p a i r i x  siicli i l i a i
11 ill·) (A.Id)
' I ' b e  m e i l i o d  is s i m i l a r  io  p o w e r  m e i l l o d ,  h o w e v e r ,  i i  lia.s s o m e '  i t l i p o r i a n i  
a.dvaii ia.ges c o m p a r e d  io  ii. F i r s i  a  ( a n d o i i i  in i i i a l  v e c i o r  is g e i i e ta ie i )
IV’.·mi) --- I'/’->■) (A.FI)
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iJien wc  c a J c u l a i n
l·/’) =  < 'X p ( - / / 0 lV V u , / )
^ r v , , e x p ( - / d v / . ) | i / V v ) ,
rv
(Л.1Г,)
а-я / —^  00
IV’) > -^i ' -xp i  -A' lOlV’i), ( A . l ( i )
w h e r e  /'d is i h e  lo w es i  e i g e n v a l u e  o f  / / .  T h u s  i h e  g r o u n d  s i a i e is ra.lcllla.UxI a.s
,,, W ili'/·) 
“  ' Ш )
( Л . 1 7 )
' I 'h e  c a l c u l a i i o n ca.li b e  f i i r i l i e f  |)l4)gi4'ssecl \)y i inr ling i l ie  ofiJiogoha. l
s i i p p l e m e n i  io  i/>i
Ф =  Ф -  (V>, V’i)V’i ( A . 18)
a s s u m i n g  i h a i  r/’i n o rm a . l iz ed ,  (V’b V ’l) ~  b  d 'h i s  p ro c e d u ix 3 is re | )ea . ied for
l i ng  e igenva l ( (o s  /'y'2, wl iei ( '  ¡<y\ < I'li <  /'a) . . alifl coi r e s p o n d i n g  s(d, o f
or l , l iogo nal  w a v e  (ntieiioiiR V^ 2> ■ · · K· i« impoH.anI ,  io  c h e c k  i l t e  ()rl . l iogonalil ,y o(
?/’ i o  all p r e v i o u s l y  f o u n d  w a v e  v e c io l s .  T l u '  a lgori i l i lvl  is fas t  s i n c e  (A.J .5 ) i n v o lv es  
o i d y  n o n z e r o  e l e n i e l i i s  o f  / / ,  a.nd d o e s  n o i  re ( (ui re lat 'ge a i r l o u n t  o f  m e l n o r i e s  
b e c a u s e  if d o e s  n o i  i r a n s f o r i r i  i l ie  l l a m i l i o l d a n  m a i r i x  in any .  A n  i n d e x e d  s i o l a g e  
s c l i e t n e  is Used so a,s io  s i o r e  o n l y  i l ie  noilzc ' ro e le m e l i i s .
I3y Using  a n  i n i p l e m e i i i a i i o i i  o f  i l iis s i m p l e  p r o c e d u r e ,  we o h i a i n  i h e  inin i l i i l in i  
e i g e n v a l u e  o f  a. .‘12768 x  .'12768 n i a i r i x  w i i h  901 120 n o n - z e r o  e l e l n e n i s  in a b o u i  f.bO 
s e c o n d s  on  a n  ( i l i r a  .S'paJc )0  w o r k s i a i i o n .  O n  i l ie  s a m e  iria.c.ltine we  c a n  c a l c i d a i e  
i r n n i m u m  ( ' ige i lval i le  o f  m ai r icx ' s  w h ic h  ha.v(' u p  io  ~  .'I m i l l io n  l io l i -zero  e h ' l m ' n i s .  
I' iven on  a  s i m p l e  r l e s k i o p  P C ,  i h e  p r o c e d u r e  is c a p a b l e  o f  s o l v i n g  s y s i e i n s  w i i h  
n u m b e r  o f  l i o n z c r o  e l e l n e n i s .
A .2 Numerical implementation for finding 
the roots of RS solution
T o  s o lv e  i h e  IbS f o r i n i d a  (2.2.5), we i m p h ' l n e l i i  a  g l o b a l l y  c o n v e r g e l i i  l o o i  iilidi 
i h m  for no n  l i n e a r  ecpiaiions.'^'·^
A ppeiidices. (58
I.d,
W c  Iiavo; a. p rob lo l r i  o f  I,ho (o l lo wing  l,y|Ko
/ ' ; : ( .7: , , . . . . r /v )  =  0, I , . . .  Ah
X =  ( . r i , . . .
a n d
A' ()l·’
/ ' ’¿(x'-l- hx) =  P\(x) +  d- 0{PxA).
, = i d-rj
(A .  19) 
( A . 20) 
( A . 2 I )
(A. 22)
Noxi.  lol, Its d o i i n c  Uio . Ja cob ia n  InaI.rix J  vvil.li (donichl..s
I
·' -  i f x i
i l i e n  ( A . 21)  l a k e s  i h e  i i i a i i i x  fo i ln
F ( x  -f- 8x) — F ( x )  -f- d  · 8x  -I- 0{8x^) .
.Since we  w a l i l  lo  iilul =  0 w Ik 'I(' x ,«·,» =  x  -|- <^ X, l i e g l e c l i h g  l l i e  s e c o n d
o l d e r  l e r m s  in (Sx, Icoiii (A.2.'J) w(> o h la i i i
— F ( x )  =  J  · 8x. ( A . 24)
B y  s o l v i n g  ( A . 24)  for (^x, we  will o h l a i l i  Xiu.w vvliich will d e c r e a s e  ea.ch (tli iclioll  
t o w a r d s  z e r o  silrnilla.neoUsl,y.  F q .  A . 24 is a. l i n e a r  a l g e b l a J c  eq i ia l io i i  a n d  call  he  
s o l v e d  hy  h U  d e c o l n p o s i i i o n .  W e  inq>lem<'nUxl h ( I  d e c o in p o s i l i o l i  p r o c e d u r e  lo  
.solve I b i s  l i n e a r  a l g e b r a i c  c ( | i i a l i o n .  For  (bd.ails o f  lAJ d e c o m p o s i l i o n  p r o c e d u r e  
s e e  I b e  r e f e r e n c e s . ’
T i l t s  n e w  v a l u e  o f  x  will l io l  c a u s e  l lu '  s e l  o f  eqUa, l ions c o n v e r g e  l o  z e r o  as 
e x p e c t e d .  A l n i o s l  a.lwa.ys, s u c b  c b a i i g e s  in x  caii.ses t h e  e q u a t i o n s  lo  go  l o  inf in i ty ,  
t n s l e a d  o f  t a k i n g  t h e  bill s t e p  by  8x  we l a k e  a  f r a c t i o n  o f  it
n^cu) ~  o^id 4“ 0 a ^  I .
N e x t  we will .search for a  ,s u i t a b l e  A va lue .  \Vv. wil l  c h e c k  w h e th e l '
(A/2(i)
λ ¡)¡)ctuíiceR. ()<)
f l ( ' c rcase  s u í f i d c n t l y  fof X t i o w  N o t ó  l l ia i
V /  ■ ЙХ = ( t · . .1). ( - J - *  ■ P) =  - F  ■ F  < 0. ( Λ . 2 7 )
П е н с е ,  in o rde l '  (.о | )leveii(,  ( lo in  a|) | ) i 'oa.di i i ig (.lie rool, (.00 s lowly ,  o f  ili ofc le f 
(,ο | )feveiil ,  Гіоіп l iavi l lg  1,00 s m a l l  si .eps f( ' la.iive (,o I,lie i l i iUal  f a i e  o f  <Jeelea.se of
/ ,  iilsl,ea.(l o f  іпеіч'Іу le q i i i f i l ig  / ( x „ , , , „ )  <  / (x , , / , ; ) ,  Uie lei i l l i femel il ,  i,lia.l. We will
i m p o s e  is
J i^nrw'} — ./(^o/ri) “I“ J {^ncw Xo«), ( Л . 2 8 )
w h e r e  0 <  «  <  I. W h e n  a  coiiveiii(' iil,  ѵаі ік '  o f  A is сіеі.егіпіііесі, w i t h  I,his h e w  X,
t h e  pfocec l t l re  is i(,e ra l , eel uni , il a  g iv e n  erilc' i ia  for c o n v e r g e n c e  is s a l i s í i é d .
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